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Abstract. 

Let G be a reductive p-adic group, Ti.{G) its Hecke algebra and S{G) its 
Schwartz algebra. We will show that these algebras have the same periodic 
cyclic homology. This provides an alternative proof of the Baum-Connes 
conjecture for G, modulo torsion. 

As preparation for our main theorem we prove two results that have indepen- 
dent interest. Firstly, a general comparison theorem for the periodic cyclic 
homology of finite type algebras and certain Frechet completions thereof. Sec- 
ondly, a refined form of the Langlands classification for G, which clarifies the 
relation between the smooth spectrum and the tempered spectrum. 
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Introduction 



In this paper we compare different homological invariants of algebras associated to 
reductive p-adic groups. Group algebras, or more precisely convolution algebras of 
functions on groups, have always been important objects of study in noncommutative 
geometry. Generally speaking the idea (or hope) is that the interaction between 
representation theory, harmonic analysis, operator algebras and geometry leads to 
results that can not (yet) be proven inside only one of these areas. 

By definition a group algebra encodes information about a group, so its homo- 
logical invariants should reflect properties of the group. Therefore, whenever one 
considers two convolution algebras associated to the same group, their invariants 
should be closely related. Yet in practice this has to be taken with quite a few 
grains of salt. For example the periodic cyclic homology of C[Z x C2] is isomorphic 
to the De Rham-cohomology (with complex coefficients) of the disjoint union of 

/{z ~ z~^) and a point. On the other hand the periodic cyclic homology of the 
group-C*-algcbra C*(Z x: C2) docs not give any new information: it is the algebra 
itself in even degrees and it vanishes in odd degrees. So finding a meaningful invari- 
ant of the group is a matter of both choosing the right group algebra and the right 
functor. 

For Frechet algebras topological i^-theory is a good choice, since it is a very stable 
functor. It has the excision property and is invariant under homotopy equivalences 
and under passing to holomorphically closed dense subalgebras. Comparing with the 
above example, the i^T-theory of C*(Z xi C2) is again isomorphic to the cohomology 
of a manifold. But the manifold has been adjusted to its compact form 

S'^/{z ~ z~^) U point = [-1, 1] U point 

and we must take its singular cohomology with integral coefficients. We remark that 
subalgebras consisting of all functions on Z xi C2 with rapid (resp. subexponential) 
decay have the same i^-theory. 

Nevertheless it can be hard to compTite a i^-group of a lesser-known algebra. In- 
deed in the classical picture of Kq one has to find all homotopy classes of projectors, 
a task for which no general procedure exists. 

Of course there is a wider choice of interesting functors. Arguably the most 
subtle one is Hochschild homology (HH^), the oldest homology theory for algebras. 
Depending on the circumstances it can be regarded as group cohomology, (noncom- 
mutative) differential forms or as a torsion functor. Moreover Hochschild homology 
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can be computed with the very exphcit bar complex. On the other hand HH^ does 
neither have the excision property, nor is it homotopy invariant. 

We mainly discuss periodic cyclic homology {HP^) in this paper. Although it 
carries less information than Hochschild homology, it is much more stable. The 
relation between HH^ and HP^, is analogous to that between differential forms and 
De Rham cohomology, as the Hochschild-Kostant-Rosenberg theorem makes ex- 
plicit in the case of smooth commutative algebras. It is known that periodic cyclic 
homology has the excision property and is invariant under Morita equivalences, dif- 
feotopy equivalences and nilpotent extensions. Together with the link to Hochschild 
homology these make HP^ computable in many cases. This functor works especially 
well on the category of finite type algebras |KNS| . that is, algebras that are finitely 
generated modules over the coordinate ring of some complex affine variety. In this 
category an important principle holds for periodic cyclic homology, namely that it 
depends only on the primitive ideal spectrum of the algebra in question. 

A similar principle fails miserably for topological algebras, even for commutative 
ones. For example let M be a compact smooth manifold. Then HP^[C°^{M)) is the 
De Rham cohomology of M, while HP^{C{M)) just returns the C*-algebra C(M). 
The underlying reason is that HP^ does not only see the (irreducible) modules of 
an algebra, it also takes the derived category into account. In geometric terms this 
means that HP^,{A) does not only depend on the primitive ideal spectrum of A as a 
topological space, but also on the structure of the "infinitesimal neighborhoods" of 
points in this space. These infinitesimal neighborhoods are automatically right for 
finite type algebras, because they can be derived from the underlying affine variety. 
But the spectrum of C{M) does not admit infinitesimal neighborhoods. Indeed, 
these have to be related to the powers of a maximal ideal I, but they collapse 
because I" = / for all n S N. 

We remark that this problem can partially be overcome with a clever variation on 
-ffP*, local cyclic homology |Mey3| . This functor gives nice results for C*-algebras 
because it is stable under isoradial homomorphisms of complete bornological alge- 
bras. On the other hand this theory does require an array of new techniques. 

We will add a new move under which periodic cyclic homology is invariant. Let 
r be a finite group acting (by a) on a nonsingular complex affine variety X, and 
suppose that we have a cocycle u :T ^ GLn{0{X)). Then a and u combine to an 
action of T on Mn{0{X)): 

7 • / = u^r^^^u-' . (1) 

The algebra of F-invariants Mn{0{X))^ has a natural Frechet completion, namely 
M7v(C°°(X))^. We will show in Chapter 1 that the inclusion map induces an iso- 
morphism 

HP,{MN{0{X)f) ^ HP,{MN{C^{X)f ) . (2) 

The proof is based on abelian ffitrations of both algebras, that is, on sequences of 
ideals such that the successive quotients are Morita equivalent to commutative al- 
gebras. In terms of primitive ideal spectra this means that we have stratifications 
of finite length such that all the strata are Hausdorff spaces. 
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Let us discuss these general issues in connection with reductive p-adic groups. 
We use this term as an abbreviation of "the F-rational points of a connected re- 
ductive algebraic group, where F is a non- Archimedean local field". Such groups 
are important in number theory, especially in relation with the Langlands program. 
There are many open problems for reductive p-adic groups, for example there is no 
definite classification of irreducible smooth representations. There are two general 
strategies to divide the classification problem into pieces, thereby reducing it to 
either supercuspidal or square-integrable representations. 

For the first we start with a supercuspidal representation of a Levi-component 
of a parabolic subgroup of our given group G. Then we apply parabolic induction 
to obtain a (not necessarily irreducible) smooth G-representation. The collection of 
representations obtained in this way contains every irreducible object at least once. 

The second method involves the Langlands classification, which reduces the prob- 
lem to the classification of irreducible tempered G-representations. These can be 
found as in the first method, replacing supercuspidal by square-integrable repre- 
sentations. This kind of induction was studied in [ScZi] . The procedure yields a 
collection of (possibly decomposable) tempered G-representations, in which every 
irreducible tempered representation appears at least once. 

Our efforts in Chapter 2 result in a refinement of the Langlands classification. 
To every irreducible smooth G-representation we associate a quadruple (P, A, w, x) 
consisting of a parabolic pair (P, A), a square-integrable representation uj of the Levi 
component Zq{A) and an unramified character x of Zq{A). Moreover we prove that 
this quadruple is unique up to G-conjugacy. This result is useful for comparing the 
smooth spectrum of G with its tempered spectrum, and for constructing stratifica- 
tions of these spectra. 

Let us consider three convolution algebras associated to a reductive p-adic group 
G. Firstly the reduced G*-algebra G*(G), secondly the Hecke algebra 'H{G) and 
thirdly Harish-Chandra's Schwartz algebra S{G). For each of these algebras we will 
study the most appropriate homology theory. For the reduced G*-algebra this is 
topological iC-theory, and for the Hecke algebra we take periodic cyclic homology. 
For the Schwartz algebra the choice is more difficult. Since it is not a Frechet 
algebra the usual versions of /C-theory are not even defined for S{G). It is not 
difficult to give an ad-hoc definition, and the natural ways to do so quickly lead to 
Ktf{S{G)) = K^{C*{G)). Nevertheless, we would also like to compute the periodic 
cyclic homology of 5(G). It is definitely not a good idea to do this with respect to 
the algebraic tensor product, because that would ignore the topology on 5(G). As 
explained in |Mey2[ , 5(G) is best regarded as a bornological algebra, and therefore 
we will study its periodic cyclic homology with respect to the completed bornological 
tensor product ^c- 

That this is the right choice is vindicated by two comparison theorems. On the 
one hand the author already proved in [SoUj that the Chern character for 5(G) 
induces an isomorphism 

c/i (g) id : K,{G;iG)) ®z C ^ HP4S{G),®c) ■ (3) 
On the other hand we will show in Section [3.11 that the inclusion of 'H{G) in 5(G) 
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induces an isomorphism 



HP,{H{G)) ^ HP4S{G), ic) ■ (4) 

Of course both comparison theorems can be decomposed as direct sums over the 
Bernstein components of G. The proof of ([4]) is an extension of the ideas leading to 
([2]) and is related to the following quote \SSZ\ p. 3]: 

"The remarkable picture which emerges is that Bernstein's decomposition of A4{G) 
into its connected components refines into a stratification ofQ{G) where the strata, 
at least up to nilpotent elements, are module categories over commutative rings. We 
strongly believe that such a picture holds true for any group G. " 
If this is indeed the case then our methods can be applied to many other groups. 

The most important application of ([3|) and @ lies in their relation with yet 
other invariants of G. Let I3G be the affine Bruhat-Tits building of G. The classical 
paper [BCH ] introduced among others the equivariant i^-homology Kf{f3G) and 
the cosheaf homology GH^{I3G). Let us recall the known relations between these 
invariants. The Baum-Connes conjecture for G, proven by Lafforgue [Laf] , asserts 
that the assembly map 

li:K^{l3G)^K,{C;{G)) (5) 
is an isomorphism. Voigt |Voi3j constructed a Chern character 

ch : K^iPG) ^ GH^iPG) (6) 

which becomes an isomorphism after tensoring the left hand side with C. Further- 
more it is already known from |HiNi| that CHf{f3G) is isomorphic to HP^{T-L{G)). 
Altogether we get a diagram 

i^f(/3G)^zC ^ K,{G;{G))(^^C 

GHf{l3G) ^ HP,{H{G)) 

whose existence was already conjectured in |BHP3j . We will prove in Section 13.31 
that it commutes. The four isomorphisms all have mutually independent proofs, 
so any three of them can be used to proof the fourth. None of the proofs is easy, 
but it seems to the author that ([5]) is the most difficult one. Therefore it is not 
unreasonable to say that this diagram provides an alternative way to prove the 
Baum-Connes conjecture for reductive p-adic groups, modulo torsion. 

Returning to our initial broad point of view, we conclude that we used represen- 
tation theory and harmonic analysis to prove results in noncommutative geometry. 
It is outlined in |BHP3j how cosheaf homology could be used to prove representation 
theoretic results. The author hopes that the present paper might contribute to the 
understanding of the issues raised in |BHP3| . 



6 



Chapter 1 



Comparison theorems for 
periodic cyclic homology 



1.1 Finite type algebras 

We will compare the periodic cyclic homology of certain finite type algebras and 
completions thereof. The motivating example of the result we aim at is as follows. 

Let X be a nonsingular complex affine variety. We consider the algebras 0{X) 
of regular (polynomial) functions and C°°{X) of complex valued smooth functions 
on X. By default, if we talk about continuous or differentiable functions on X or 
about the cohomology of X, we always do this with respect to the analytic topology 
on X, obtained from embedding X in a complex affine space. 

The Hochschild-Kostant-Rosenberg-Connes theorem tells us what the periodic 
cyclic homology of these algebras looks like: 



In the first line we must take the De Rham cohomology of X as an algebraic variety. 
However, according to a result of Grothendieck and Deligne this is naturally isomor- 
phic to the De Rham cohomology of X as a smooth manifold. Hence the inclusion 
0{X) C°°{X) induces an isomorphism 



Now let us discuss this in greater generality, allowing noncommutative algebras. We 
denote the primitive ideal spectrum of any algebra A by Prim(^) and we endow 
it with the Jacobson topology, which is the natural noncommutative generalization 
of the Zariski topology. An algebra homomorphism (p : A ^ B is called spectrum 
preserving if it induces a bijection on primitive ideal spaces, in the following sense. 
For every J G Prim(i?) there is a unique / € Prim(A) such that 4>~^{J) C /, and 
the map Prim(B) — Prim(^) : J i-^ I is bijective. 

Since we do not want to get too far away from commutative algebras, we will work 
with finite type algebras, see |KNSt[BaNi| . Let k be the ring of regular functions on 
some complex affine variety. A finite type k-algebra is a k-algebra that is finitely 



HPn{0{X)) 
HPn{C^{X)) 




(LI) 



HP,{0{X)) ^ HP^{C°°{X)) . 



(L2) 
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generated as a k-module. The periodic cyclic homology of a finite type algebra 
always has finite dimension, essentially because this is case for 0{X) |KNSl Theorem 
1]. Moreover it depends only on the primitive ideal spectrum of the algebra, in the 
following sense: 

Theorem 1.1. [BaNH Theorem 8] 

A spectrum preserving morphism of finite type \<.-algebras induces an isomorphism 
on periodic cyclic homology . 

Morally speaking HP^,{A) should correspond to the "cohomology" of Prim(^). 
However, this is only a nonseparated scheme, so classical cohomology theories will 
not do. Yet this can be made precise with sheaf cohomology |Sol3l Section 2.2]. 

It is not unreasonable to expect that there is always some Prechet completion 
^smooth of A = ^aig such that the inclusion Aaig — ^smooth induces an isomorphism 

HP, (Aalg) ^ HP, (^.nooth) . (1.3) 

A good candidate appears to be 

Smooth = ^alg ®0{X) C~(X) (1.4) 

if the center of A^\g is 0{X). However I believe that it would be rather cumber- 
some to determine precisely under which conditions this works out. Moreover I do 
not know whether the resulting smooth algebras are interesting in this generality. 
Therefore we restrict our attention to algebras of a specific (but still rather general) 
form, which we will now describe. 

Let r be a finite group acting (by a) on the nonsingular complex affine variety 
X. Take G N and consider the algebra of matrix- valued regular functions on X: 

0{X- Mm{C)) := Mn{0{X)) = 0{X) Mn{C) . (1.5) 

Suppose that we have elements € GLn{0{X)) such that 

(7 • f){x) = u^{x)f{a~'^x)u~^{x) (1.6) 

defines a group action of T on Mjv(C'(A)), by algebra homomorphisms. We do not 
require that 7 1-^ is a group homomorphism. Nevertheless the above does imply 
that there exists a 2-cocycle A : T x T ^ 0{X)^ such that 

U^{uy o a~^) = A(7,7')ti^y . 

In particular, for every x G X we get a projective Faj-representation 

(7r^,C^) with TTxi^) = u./{x) . (1.7) 

The element should be regarded as an intertwiner between representations with 
0(X)-characters x and a^(x). We are interested in the finite type algebra 

A^lg = 0{X;MN{C)f (1.8) 
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of r-invariant elements. We note that restriction of a module from ^aig to 0{X)^ 
defines a continuous finite to one surjection |KNS1 Lemma 1] 

0:Prim(^,lg)^X/r. (1.9) 

Examples. 

Classical algebras of this type are 

0{Xf = 0{X/T), 

0{X;End{C[T])f ^ 0(X)><r. 

For example, take X = and T = Z/3Z, acting through cyclic permutations of 
the coordinates. Put ^aig = C'(X) x F. Almost all points Fx E X/T correspond to 
a unique irreducible Aaig-module, namely Ind^'^^^Ca;. Only the points {z,z,z) with 
z G C carry three irreducible 0{X) xi F-modules, of the form C(^z,z,z) ® with ( a 
cubic root of unity. 

More generally, suppose that we have a larger group G with a normal subgroup 
N such that F = G/N. Let {n,V) be a G-representation on which N acts by a 
character. Then 

{g ■ f){x) = TTig)f{a-^x)TT{g-^) 
defines an action of G on 0{X; End(y)) which factors through F, so 

0{X-End{V)f = 0{X-End{V)f . 

If we put = n^g) for some g with gN = 7 then we are in the setting of (|1.6p . 
Yet in general there is no canonical choice for u^, and we end up with a nontrivial 
cocycle A. (In fact this a typical example of a projective F-representation.) 



The natural Frechet completion of (jl.Sp is 

Smooth = C°°(X;Mjv(C))^ (1.11) 

This algebra has the same spectrum as ^aig; but the two algebras induce different 
Jacobson topologies on this set. The Jacobson topology from ^smooth is finer, and 
makes Prim(74sjiiooth) a non-Hausdorff manifold. (By this we mean a second count- 
able topological space in which every point has a neighborhood that is homeomorphic 
to M".) 

The map ()1.3p is an isomorphism in the special cases where ^aig is as in (jl.lOp and 
^smooth as in (jl.lip . as follows from comparing [KNS] and [Was] . We will show that 
it holds much more generally, for example if we take ^smooth = C°°(X'; Miv(C))^ 
with X' a suitable deformation retract of X. Such an algebra is finitely generated as 
a C°°(X')'"-module, and therefore we will call it a (topological) finite type algebra. 
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1.2 The commutative case 



Let CC**(^) be the periodic cyclic bicomplex associated to an algebra A [ Lod\ 
Section 1]. Its terms are of the form ^4®" and its homology is by definition HP^{A). 
For topological algebras we must specify which particular topological tensor product 
we wish to use in cyclic theory. By default we work with a Frechet algebra A 
whose topology is defined by submultiplicative seminorms, and with the completed 
projective tensor product (S>- Since this is a completion of the algebraic tensor 
product we get natural maps 

CC„ {A,(g)) CC^^ {A,®), 
HP,{A,0) HP^{A,0). 

We abbreviate CC„(^) = CC„(A, §) and HP^{A) = HP^{A,^) for Frechet alge- 
bras. Recall that an extension of topological algebras is admissible if it is split exact 
in the category of topological vector spaces. An ideal / of A is admissible if 
O^I^A^A/I^Ois admissible. 

Any extension 0— >i?^C— >0 gives rise to a short exact sequence of 
differential complexes 

^ CCiB, A) ^ CC{B) ^ CC^C) ^ , 
CC{B,A) := ker (C7C„(B) ^ C7C„(C)) . 

By a standard construction in homological algebra this leads to a long exact sequence 

> HP,{B,A) ^ HP,{B) ^ HPiiC) ^ HP,+i{B,A) ^ ••• (1.12) 

Actually this sequence wraps up to an exact hexagon, because — HPi- The 

inclusion CC^^{A) CC^^{B,A) induces a map HP^{A) HP^{B,A). One of 
our main tools will be the excision property of periodic cyclic homology : 

Theorem 1.2. Let 0^^— >i?^C— >0 be an extension of (nontopological) alge- 
bras or an admissible extensions of Frechet algebras. Then HP^{A) HP^,{B,A) 
is an isomorphism, and (I1.12P yields an exact hexagon 

HPo{A) ^ HPo{B) ^ HPo{C) 

T i 

HPiiC) ^ HPi{B) ^ HPi{A) 

Proof The basic version of this theorem is due to Wodzicki [Wodj . It was proved 
in general by Cuntz and Quillen [CuQu , fCunj . □ 



Suppose that we want to prove that an algebra homomorphism cj) : A ^ B 
induces an isomorphism on HPtf. The excision property can be used as follows: 

Lemma 1.3. Suppose that there are sequences of ideals 

A= IqD hD ■■■!) Id = 
B = Jo D Ji D ■ ■ ■ D Jd = 

with the properties 
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• (pilp) C Jp for all p > 0, 

• HP^{Ip^i/Ip) — > HP^{Jp^i/Jp) is an isomorphism for all p >0, 

• if B (respectively A) is Frechet then the ideals Jp (respectively Ip) are admis- 
sible. 

Then HP^((I)) : HP^(A) — > HP^(B) is an isomorphism. 
Proof. Left as an exercise. Use the five lemma. □ 

Generally speaking a good tool to compute the periodic cyclic homology of a 
finite type algebra ^ is a filtration by ideals Ip such that the successive quotients 
Ip-i/Ip behave like commutative algebras. In particular Prim(/p_i//p) should be a 
(separated) affine variety, so this gives rise a kind of stratification of Fnm(A). This 
can be formalized with the notion of an abelian filtration [KNSj . 

To describe suitable smooth analogues of ^aig we must say what precisely we 
mean by smooth functions on spaces that are not manifolds. Let Z CY he subsets 
of a smooth manifold X and let ^ be a complete topological vector space. 

C°-(Y;V) := {f :¥ ^V\3openU CXJ eC°-(U;V):Y CUj\y = f} 
C^(Y,Z) := {/eC-(y;C) :/|^ = 0} 
C^(Y,Z;V) := {f e C°°(Y-V) : f\^ = 0} 

Recall that a corner in a manifold is a point that has a neighborhood homeomorphic 
to M" X [0,00)"^, with m > 0. To apply excision we will often need the following 
result of Tougeron: 

Theorem 1.4. [Tbiil Theoreme IX.4.3] 

Let Y be a smooth manifold and Z a smooth submanifold, both possibly with corners. 
The following extension is admissible: 

^ C^(Y, Z) C7°°(y) ^ C^(Z) . 

For completeness we include an extended version of the Hochschild-Kostant- 
Rosenberg theorem for periodic cyclic homology . We abbreviate 

Theorem 1.5. Let Y be a smooth manifold, possibly noncompact and with corners. 
There is a natural isomorphism 

HP^(C^(Y)) ^ H^*\y). 

Proof. For Y compact and without boundary this is due to Connes (Conl p. 
130], who in fact proved the much stronger statement 

HH4C°^(Y)) ^n*(Y) . (1.13) 

Here HH^^ denotes Hochschild homology and ^* means differential forms with com- 
plex values. By Corollary 4.3 and Theorem 7.1 of |BLT| (I1.13P still holds if Y is 
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allowed to have corners and may be noncompact. Hence HP^:{C°°(J)) and H^*\?) 
agree at least locally. By Theorems 1 1 . 2 1 and 1 1 . 41 b ot h these functors satisfy excision, 
so they agree on every manifold. □ 

Let y be a complex affine variety and Z a closed subvariety, both possibly 
reducible and singular. In line with the above we write 

Oo{Y,Z) := {f gO{Y): f\^ = 0}, 
Oo{Y,Z;V) := Oo(Y,Z)^V. 

Let H*(Y, Z;C) denote the Cech cohomology of the pair (Y,Z), with complex co- 
efficients and with respect to the analytic topology. Because HP^ and have a 
Z/2Z-grading, it is convenient to impose this also on Cech cohomology. Therefore 
we write 

H^-\Y,Z) := e^g^JT"+2m(y,Z;C) (1.14) 

Now we are ready to state and prove the comparison theorem for the periodic cyclic 
homology of commutative algebras. 

Theorem 1.6. a) There is a natural isomorphism HP^{Oo{Y,Z)) = H^*\Y,Z). 

b) Suppose that Y \ Z is nonsingular and that Cg°(y, Z) is a Frechet algebra with 
the properties 

. Oo{Y, Z) c C^{Y, Z) c C^{Y, Z) , 

• i/ the partial derivatives of f G Cq^{Y, Z) all vanish on Z then f G Cq^{Y, Z). 
Then HP^{Oq{Y,Z)) HP^{C^{Y,Z)) is an isomorphism. 

Proof, a) was proved in [KNS^ Theorem 9]. 
b) By assumption Y \ Z with the analytic topology is a smooth manifold. Let N 
be a closed neighborhood of Z in Y, such that y \ is a smooth manifold and a 
deformation retract of y \ Z. Let r : [0, 1] x y — > y be a smooth map with the 
properties 

1. ri = idy where rt{y) := r{t,y), 

2. rt{z) =zyz£Z,t£ [0,1], 

3. rt{N) cNyte [0, 1] and ro(iV) = Z, 

4. r^^{Z) is a neighborhood of Z \ft < 1, 

5. rt : r^^(y \ Z) ^ y \ Z is a diffeomorphism Vt E [0, 1]. 
Consider the algebra homomorphisms 

C^iY,N) ^ C^iY,Z), f ^ f, 
C^iY,Z) ^ C^iY,N), f ^ /oro. 
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By construction these are diffeotopy equivalences. The diffeotopy invariance of 
i?-P*(?,i) [Conl p. 125] ensures that 

HP, {C^iY, Z)) ^ HP, (Co^(y, A^)) . 
Write Y = t^UY \ Z) a.nd N = N r\Y . This could look hke 




Y 

Y 
N 
N 
Z 



By Theorem 11.41 there is an admissible extension 

^ C^{Y, N) = {Y, N) (y) ^ C°° (TV) ^ . 

Combining this with Theorems 11.21 and 11.51 yields natural isomorphisms 

HP,{c°°{Y,N)) ^i?W(y,iv) ^ i?W(y,iv) ^ FW(y,z) . 

Now consider the diagram 

HP,{Oo{Y,Z)) ^ i/W(y,Z) 

i II 
HP,{C'^{Y,N)) ^ ijW(y,Z) 

It commutes by naturality, so the arrow is an isomorphism. □ 



1.3 Comparison with topological A'-theory 

Let r be a finite group which acts by diffeomorphisms on a smooth manifold X. We 
will frequently meet algebras of the form 

C^{Y,Z;MN{C)f (1.15) 

where Y and Z are F-stable closed submanifolds of X. We allow our manifolds 
to have corners (and in particular a boundary), since these appear naturally in 
orbifolds. But we must be careful, because the algebra C°°{X)^ of smooth functions 
on the orbifold X/T does not contain all smooth functions on the manifold X/T. 
Namely, there are some conditions for the partial derivatives of / G C°°{X)^ at the 
corners. 

This makes it rather tricky to compute the periodic cyclic homology of algebras 
like (jl.l5p . Actually such algebras would look much better if we could replace smooth 
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functions by continuous functions, because continuous functions are not bothered by 
mild singularities like corners. But then another problem pops up, that HP^ tends 
to give tautological results for Banach algebras. For example, if K is any compact 
Hausdorff space then 

HPo{C{K)) = C{K), 
HPi{C{K)) = 0. 

To overcome these inconveniences we will compute the periodic cyclic homology of 
()1.3p via its topological X-theory. The ii'-theory of Frechet algebras was defined 
by Phillips [Phi] . As is well-known, these theories are related by a Chern character 
ch:K^^ HP^. 

Theorem 1.7. [Nis^ Theorem 16] 

Let O^A^B^C^O be an extension of Frechet algebras. The various Chern 
characters form a commutative diagram 

Ki{A) ^ Ki{B) ^ Ki(C7) ^ Ko{A) ^ Ko{B) ^ Ko{C) 

HPi{A) ^ HPi{B) ^ HPi{C) ^ HPq{A) ^ HPo{B) ^ HP^{C) 

If the extension is admissible and rj : Kq{C) —i- Ki{A) and d : HPq{C) HPi{A) 
denote the connecting maps, then cho rj = Ini d o ch. 



Let CIA be the class of Frechet algebras A for which 

ch (g) idc : K^{A) 0z C ^ HP^{A) (g)c C = HP^{A) (1.16) 
is an isomorphism. 

Corollary 1.8. Let O^A^B^C^Obean admissible extension of Frechet 
algebras. If two of A,B,C belong to the class CIA, then so does the third. 

Proof. This follows from Theorems 11.21 and 11.71 in combination with Bott peri- 
odicity and the five lemma. □ 



The class CIA is very large, since it is also closed under countable direct prod- 
ucts, tensoring with M„(C) and diffeotopy equivalences. Furthermore all topological 
finite type algebras are in CIA: 

Theorem 1.9. Let T be a finite group acting {by a) on a smooth manifold X and 
let u-y S GLn{C°°{X)) be elements such that 

1 ■ f = u^{f ° 

defines an action ofV on C°°{X] M]y{C)). Let Z C Y be V-stable submanifolds of 
X , possibly with corners. Then C^{Y, Z; MN{C)f belongs to the class CIA. 
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Proof. According to Theorem 11.41 

^ C^{X, Y) C7°°(X) ^ C°°{Y) (1.17) 

is an admissible extension. Hence so is 

^ C^{X,Y;Mn{C)) ^ C^{X,Z;Mn{C)) ^ C^{Y, Z; Mn{C)) ^0. (1.18) 

Because F is finite the same holds for the subalgebras of F-invariants in (|1.17p and 
(ll.lSp . Together with Corollary 1 1 . 8 1 this reduces the proof to the case Z = 0. 

Thus we have to show that C°°{Y; Mn{C))^ is in CIA. Except for a detail this is 
the content of [Solll Theorem 6] . The small complication is that in |Soll| the author 
considered only F-manifolds Y without corners, because according to [III] those have 
smooth equivariant triangulations. However, Y admits such a triangulation even if 
it has corners, because it is embedded in the smooth F-manifold X. □ 



1.4 The general case 

First we discuss a motivating concept for our comparison theorem. Suppose that F 
acts on Z", and consider the tori 

X := Homz(Z",CX) ^ (C^)" ^ Prim(C[Z^), 
X' := Homz(Z",5i) ^ (S^)" ^ Prim (5(Z")) , 

where the S stands for complex valued Schwartz functions. We want to compare 
the periodic cyclic homology of the algebras 

^aig = C[Z"]xF = C'(X)xF, 
^smooth = 5(Z")xF = C-(X')xF. 

Although these algebras definitely have different spectra, it is natural to expect that 
ifP*(Aaig) — -ff-P* (^smooth)- The best notion to explain this appears to be "dif- 
feotopy equivalence of non-Hausdorff spaces" . This is a typically noncommutative 
geometric concept that might contradict one's intuition. The idea is that Prim(ylaig) 
and Prim(^sjnooth) are equivalent in this specific sense, and for that very reason these 
algebras have the same periodic cyclic homology . 

Since usual homotopies do not see non-Hausdorff phenomena we have to be care- 
ful in defining this notion. We say that a continuous map X ^ Y is a homotopy 
(diffeotopy) equivalence of non-Hausdorff spaces if there exist finite length stratifi- 
cations of X and Y such that: 

• all the strata are Hausdorff spaces, 

• the maps are compatible with the stratifications, 

• the induced maps on the strata are homotopy (diffeotopy) equivalences. 
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Notice the we do not require the existence of a continuous map from Y to X, because 
that would exclude many interesting cases. For example consider the plane with a 
doubled origin. It is contractible in the usual sense, but as a non-Hausdorff space it 
is diffeotopy equivalent to two points! 

Generally speaking an algebra homomorphism that induces a diffeotopy equiva- 
lence on primitive ideal spectra (endowed with a suitable "analytic" topology) should 
yield an isomorphism on periodic cyclic homology. Our notion is probably not strong 
enough to prove things with, but it does provide a generalization of Theorem 1 1.1 1 at 
a conceptual level. 

Thus inspired we require the following conditions for our comparison theorem. 
Let r be a finite group acting (by a) on a nonsingular complex affine variety X. 
Suppose that we have elements € GL]\f{0{X)) such that 

defines an action of T on the algebra 0{X; M7v(C)). Let X' be a submanifold of X 
with the following properties: 

• X' is smooth, but may have corners, 

• X' is stable under the action of T, 

• the inclusion X' ^ X is a diffeotopy equivalence in the category of smooth 
F-manifolds. 

We write 

Aaig = 0{X;MN{C)f, 
^smooth = C-(X';M^(C))r. 

The inclusion of Prim(Asmooth) in Pi'im(^aig) is the prototype of a diffeotopy equiv- 
alence of non-Hausdorff spaces. 

Theorem 1.10. The natural map Ag^g — > ^smooth induces an isomorphism 

Proof. We will use Lemma 11.31 to reduce the proof to manageable pieces. For 
every subset H C T the variety X^ is nonsingular and X'^ = X^ n X' is a 
submanifold. Let £. be the collection of all the irreducible components of all the 
X^ , with H running over all subsets of F. Let £p be its subset of elements of 
dimension < p and define F-stable closed subvarieties 

By the third condition above X'p := XpdX' is F-equivariantly diffeotopy equivalent 
to Xp. 

By construction the singularities of Xp are all contained in Xp-i. Moreover, 
because the action of F is locally linearizable, these singularities are all normal 
crossings. Hence we have for arbitrary subsets G,H <ZT: 

x^r\xH = x^^^, 

Oo{x^ux^,x^nx^) = Oo(x^,x^^^)eOo(x^,x^^^), 

x'Gnx'^ = x'G^^, ^^■^^> 

c^{x'^ u x'",x'^ n X'") = c^{x'^, x'^u/f) ^ Co^(x'^, x'Gu/f) ^ 
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Consider the sequences of ideals 

^alg = lo ^ ^1 ^ • • • ^ -^dimX 

^smooth = Jo 13 Jl D • • • D JdimX 

Ip = {a G Aaig : a\^^ = 0} 

Jp = {a G ^smooth • '3^ Y/ =0} 

We want to compare the periodic cycHc homology of the quotients 

Vi//p ^ Oo(Xp,Xp_i;Mjv(C))r, 
Jp_i/Jp ^ Co^(X;,X;_i;M^(C))^ 

Let 2^(-B) denote the center of an algebra B. To the filtration (11.201) we associate 
the spaces 

Yp = Prim(Z(A,ig//p)) , 

Zp = {IeYp: Z{Ip^i/Ip) CI}. 

The Yp are called the centers of the filtration, and the Zp the subcenters. Notice 
that, unlike Prim(Ip), these are separated algebraic varieties. By [KNSl Theorem 9] 
there are natural isomorphisms 

HP,{Z{Ip^i/Ip)) ^ H^*\Yp,Zp) ^ HP,{OoiYp,Zp)) . (1.22) 

We claim that 

Z{Ip/Ip^i) ^ Ip/Vi (1.23) 

is a spectrum preserving morphism of finite type C'(X)-algebras. To see this, we 
first consider the composite map 

6p : Prim(Vi//p) ^ Prim(Z(/p/Vi)) =Yp\Zp^ {Xp \ Xp_i)/r . (1.24) 

For X G Xp \ Xp-i the image of 

Vi//p ^ Mn{C) : f ^ fix) 

is the semisimple algebra Sx = End^^(r^)(C^), where TTxi'j) = Uj{x). Since G 
GLn{0{X)) the type of (7ra;,C^) as a projective T^-representation cannot change 
along the irreducible components of X^'' . Together with (|1.20p this implies that 
locally on (Xp \ Xp^i)/T , Ip-i/Ip is of the form 5^ (g) C'o(C/, C/'). Hence Z{Ip^i/Ip) 
is locally of the form Z{Sx) ® Oo{U, U'), which proves our claim about (ll.23p . Now 
we may apply Theorem ll.il which tells us that 

HP,{Z{Ip^i/Ip)) -^HP,{Ip^i/Ip) (1.25) 

is an isomorphism. 

According to a very general extension theorem for smooth functions [BiScl Theo- 
rem 0.2.1] the ideals Jp are admissible in ^smooth- Alternatively, this can be derived 
from Theorem 11.41 using (|1.19p . From (ll.lOp we also see that Jp^i/Jp is a finite 
direct sum of algebras of the form considered in Theorem 11.91 so 

c/i id : K^Jp^i/Jp) ®iC^ HP^Jp^i/Jp) (1.26) 



= 0, 

= 0, 

= Oo{X,Xp;MN{C)f, (1-20) 

= C^{X\X';Mn{C))^ . 
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is an isomorphism. Moreover Jp-i/ Jp is dense and holomorphically closed in 

Ap:=Co{Xp,Xp_i-MN{C)f . 

The density theorem for ii'-theory [Bostl Theoreme A. 2.1] tehs us that the inclusion 
Jp-i/Jp — » Ap induces an isomorphism 

K,{Jp.i/Jp)^K,{Ap). (1.27) 

The same arguments apply to the center of Jp-i/Jp so there are natural isomor- 
phisms 

K,{Z{Jp_i/Jp))(^^C ^ HP,{Z{Jp_^/Jp)), 
K,{Z{Jp^^/Jp)) ^ K,{Z{Ap)). ^'-^^^ 

The spectrum of the algebras in (jl.27p and (jl.28p is \ Z'^ where 

y; = Prim(z(^^ooth/Jp)) = Ypr\e-\x'jT), 
= {J G y; : z(jp„i/jp) c J} = Zpne-^x'jv), 

with Op as in (jl.24p . Since the cardinality of 9p'^{x) is locally constant for x G 
Xp \ Xp^i, any T-equivariant diffeotopy implementing the diffeotopy equivalence 
X'p Xp naturally gives rise to a diffeotopy for the inclusion map (Yp, Z'p) — > 
{Yp,Zp). Therefore 

H'\Yp, Zp- C) ^ H^{Y;, Z'p- C) (1.29) 

is an isomorphism for all n. 

Furthermore Ap is a finite direct sum of algebras of the form CQiY^Z]Mk{C)) 
with Y a connected manifold. The center of such an algebra is Co(Y,Z), which 
clearly is Morita-equivalent to the algebra itself. Hence 

Z{Ap) = Co{Y;,Z'p) 

and the inclusion map induces an isomorphism 

K4CoiY;,Z'p)) ^K4Ap). 
Returning to the smooth level we note that 

Z{Jp-i/Jp) :=C^{Y;,Z'p) 

satisfies the conditions 1 and 2 of Theorem 11.61 The proof of Theorem 11.61 yields a 
natural isomorphism 

HP^C^iY;, z'p)) - H^*\y;, z'p) . (1.30) 
Combining all the above we get a diagram 



HP^{Ip^i/Ip) 




HP,{Z{Ip^i/Ip)) 


^ HP,{Oo{Yp,Zp)) 


^ Hl*\Yp,Zp) 


i (8) 


,(3) 


i (7) 


i (6) 


i (5) 


HP^,{Jp-i/ Jp) 


HP,{Z{Jp^i/Jp)) 


- HP,{C^iY;,Z'p)) 


- hI*\y;,z'p) 


T 


,(2) 


T 


T 


T 


i^*(Jp-i/ Jp) 


K,{Z{Jp_i/Jp)) 






i 




i 


i 




K,{Ap) 


K.{Z{Ap)) 


- i^,(Co(y;,z;)) 


= k*{y;,z'p) 



that is commutative because all the maps are natural. So far we know that: 
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• the maps from row 3 to row 4 are isomorphisms by the density theorem in 
topological X-theory, 

• the Chern characters from row 3 to row 2 become isomorphisms after tensoring 
with C, 

• (1), (4) and (5) arc isomorphisms. 

With some obvious diagram chases we first deduce that (2) and (3) are isomor- 
phisms, and then that (6), (7) and finally (8) are isomorphisms. □ 



Example. 

Let X = C^,X' = [-1, 1]2 c C C2 and T = {±1}^. We describe the stratifica- 
tions of the spectra of the algebras 

Aaig = o(x)xr, 
Smooth = c~(x')xr. 

First the strata of X and X' : 

Xo = {(0,0)}, = {(0,0)}, 

Xi = {0} X C U C X {0} , X[ = {0} X [-1, 1] U [-1, 1] X {0} , 

X2 = c\ X'^ = 

Let a and r be the two irreducible representations of the group {±1}. We extend 
them to representations (Tq.tq of C°°([— 1,1]) x {±1} with central character G 
[— 1, 1]. The centers of the filtration are: 

Yq = {c^o,ro}^ 

Yi = {c7o,ro} X C/{±1} U C/{±1} X {c7o,ro}/ ~ 

^ {0} X C U C X {0} , 
Y2 = X/T ^ (C/{±1})2 , 
Yl = {ao,ro}2, 

Yi = {c7o,ro} X [-1, 1] U [-1, 1] X {c7o,ro}/ - 
^ {0}x[-l,l] U [-l,l]x{0}, 
= X'/T ^ [0,1]2. 

where the equivalence relation ~ identifies all the points lying over (0,0) G C^. Next 
we write down the subcenters of the filtration: 

^0 = 0, Z'^ = 0, 

Zi = {(0,0)}, Z[ = {(0,0)}, 

Z2 = Xi , Z2 = x[ . 

Finally we mention the primitive ideal spectra of the subquotients of the filtrations: 

(yo\^o)/r = 4 points, (yo'\^o)/r = 4 points, 

{Y,\Zi)/r - {l,2}xCx/{±l}, {Y{\Z[)/r - {l,2}x(0,l], 
{Y2\Z2)/T - (Cx/{±l})^ {Y^\Z^)/T - (0,1]2. 
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Chapter 2 



Some representation theory of 
reductive p-adic groups 

2.1 Convolution algebras 

In this chapter we collect some important results concerning smooth representations 
of reductive f3-adic groups. Good sources for the theory discussed here are [BePej 
raiM ISSZllTitellWal] . 

Let F be a non- Archimedean local field with discrete valuation v and norm H-Uji-. 
We assume that the cardinality of the residue field is a power g of a prime p. Let Q 
be a connected reductive algebraic group defined over F, and let G = Q{¥) be the 
group of F-rational points. We briefly call G a reductive p-adic group. 

We denote the collection of compact open subgroups of G by CO(G). A rep- 
resentation 1/ of G is called smooth if every v V is fixed by a compact open 
subgroup, or equivalently if V = ^k£CO{G)^^ ■ We say that such a smooth rep- 
resentation V is admissible if every has finite dimension. For example every 
smooth G-representation of finite length is admissible [BeDel 3.12]. Let Rep(G) be 
the category of smooth G-representations on complex vector spaces, and let Irr(G) 
be the set of equivalence classes of irreducible objects in Rep(G). The Jordan-Holder 
content JH(y) is the collection of all elements of Irr(G) which are equivalent to a 
subquotient of the G-representation V. 

Fix a Haar measure on G. Recall that the convolution product of two func- 
tions f,f':G—>-Cis defined as 

{f*f'W)= [ /(5)/'(5-V)dM5). 
Jg 

For K G CO(G) we let 7^(G, K) be the convolution algebra of i^-biinvariant complex- 
valued compactly supported functions on G. This is called the Hecke algebra of 
(G, K). Our main subject of study will be the Hecke algebra of G, which consists of 
all compactly supported locally constant functions on G: 

nG):=[jKeCOiG)nG,K). (2.1) 
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For every K G CO(G) there is an idempotent ex G 'H{G), which is ii{K) ^ times 
the characteristic function of K. Notice that 

n{G, K) = eKn{G)eK = ^(G)^^^, (2.2) 

where GxG acts on 'H{G) by left and right translations. In particular, the nonunital 
algebra 'H{G) is idempotented, which assures that many properties of unital algebras 
also hold for n{G). 

An 'H(G)-module V is called nondegenerate or essential if 

n-V = V, (2.3) 

or equivalently if for all v G V there exists a K € CO{G) such that ck ■ v = v. A 
smooth G-representation (vr, V) is made into an essential 7^(G)-module by 

T^{f)v = I f{9M9)v dii{g) veVJe n{G) . (2.4) 
Jg 

This leads to an equivalence between Rep(G) and the category of essential 1-L{G)- 
modules. Hence we may identify the primitive ideal spectrum of T~L{G) with Irr(G). 

Let S{G, K) be the space of rapidly decreasing ii'-biinvariant functions on G. 
According to |Vig[ Theorem 29] this is a unital nuclear Frechet *-algebra. Harish- 
Chandra's Schwartz algebra consists of all uniformly locally constant rapidly de- 
creasing functions on G: 

5(G):=UA'eco{G)'5(G,K). (2.5) 

Endowed with the inductive limit topology this is a complete locally convex topo- 
logical algebra with separately continuous multiplication. Clearly 

S{G,K) = eKS{G)eK = S{G)^''^. (2.6) 

If (-ft^j)^i is a decreasing sequence of compact open subgroups of G which forms a 
neighborhood basis of the unit element e £ G, then 

5(G) = U=i5(G,i^,) (2.7) 

is a strict inductive limit of nuclear Frechet spaces. Nevertheless S{G) is not metriz- 
able. We say that a smooth G-representation (vr, V) is tempered if the H(G)-module 
structure extends to 5(G). If (vr, F) is admissible, then there is at most one such 
extension, see |SSZ1 p. 51]. Thus we have 

• the category Rep*(G) of tempered smooth G-representations, 

• the space Irr*(G) of equivalence classes of irreducible objects in Rep*(G), 

• the primitive ideal spectrum of 5(G), which by [SSZl p. 52] can be identified 
with Irr*(G). 



21 



Furthermore we consider the reduced C*-algebra of G. By definition C*{G) is the 
completion of 'H(G) with respect to the operator norm coming from the left regular 
representation of G on L?'{G). For K € CO(G) let G*{G,K) be the norm closure of 
n{G,K) in B{L?{G)). This is a unital type I C*-algebra which contains S{G,K) 
as a holomorphically closed dense subalgebra Vig, Theorem 29]. Moreover by [SSZl 
p. 53] 

G;{G,K) = eKC;{G)eK = G;{G)^'^^. (2.8) 
Therefore we can construct C*{G) also as an inductive limit of C*-algebras: 

C;{G)= lim C;{G,K). (2.9) 

-fs:GCO{G) 

Having introduced these algebras we will describe the Bernstein decomposition of 
Rep(G). Suppose that P is a parabolic subgroup of G and that P = M t< N where 
is the unipotent radical of P and M is a Levi subgroup. Although G and M are 
unimodular the modular function 6p of P is general not constant. To be precise 

5p(mn) = ||det (ad(m)|J II m e M,n e N (2.10) 

where n is the Lie algebra of N. For a £ Rep(M) one defines 

I^{a) := lnd${6]^^ ^ a) . 

1/2 

This means that we first inflate a to P, then we twist it with Sp and finally we take 
the smooth induction to G. The twist is useful to preserve unitarity. The functor Ip 
is known as parabolic induction. It is transitive in the sense that for any parabolic 
subgroup Q C P we have 

jG _ jG jM 

Let a be an irreducible supercuspidal representation of M. Thus the restriction of 
a to the derived group of M is unitary, but Z(M) may act on a by an arbitrary 
character. We call (M, a) a cuspidal pair, and from it we construct the parabolically 
induced G-representation Ip{a). For every (vr, y) G Irr(G) there is a cuspidal pair 
(M, cr), uniquely determined up to G-conjugacy, such that V € JH(Ip(cj)). 

We denote the complex torus of nonramified characters of M by X^^ (M) , and the 
compact subtorus of unitary nonramified characters by Xunr(-^)- We say that two 
cuspidal pairs (M, a) and M' , a') are inertially equivalent if there exist x ^ Xy^T-{M') 
and g £ G such that M' = gMg~^ and a' x = a^. With an inertial equivalence 
class s = [M, <t]g we associate a subcategory Rep(G)^ of Rep(G). By definition 
its objects are smooth G-representations vr with the following property: for every 
p G JH(7r) there is a (M, cr) G s such that p is a subrepresentation of /p (cr). These 
blocks Rep(G)® give rise to the Bernstein decomposition [BePel Proposition 2.10] 

Rep(G) = ^.en(G)Rep(G)^ 

The set r2(G) of Bernstein components is countably infinite. There are corresponding 
decompositions of the Hecke and Schwartz algebras of G into two-sided ideals: 

W(G)=e,en(G)W(G)^ (2.11) 
S{G) =e,en(G)'5(G)^ (2.12) 
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For C*{G) this is a less straightforward, since its elements can be supported on 
infinitely many Bernstein components. Let C*{GY be the two-sided ideal generated 
by TL{GY. The reduced C*-algebra of G decomposes as a direct sum in the C*- 
algebra sense: 

C;(G) =lim0C;(Gf , (2.13) 
® ses 

where the direct limit runs over all finite subsets © of Q.{G). For K G CO(G) and 
5 G 0,{G) we write 

n{G,KY = n{Gf n n{G,K), 

S{G,KY = S{GY n S{G,K), 

g;{g,ky = c;{GY n c;{g,k). 

Every element of 'H(G) has a unique decomposition as a sum of a part in TC(GY and 
a part in the annihilator of this ideal. In particular we can write 

eK = e% + e'Ken{GYe n{GY' ■ (2.14) 

B'en(G)\{s} 

Proposition 2.1. a) For fixed K G CO(G) there exist only finitely many s G Vl{G) 
such that n{G,KY + 0. 

b) For every 5 G r2(G) i/iere exists a £ CO{G) such that for all compact open 

subgroups K C the bimodules e|^7Y(G) and TC(G)e^ provide a Morita equiv- 
alence between 

n{GY = n{G)e%^n{G) and H{G, KY = e]^n{G)e)^ . 

c) As h), but with S{G) instead of7{{G). 

d) As h), but with C;{G) instead ofn{G). 

Proof, a) See [BTO §3.7]. 

b) By |BeDe[ Corollaire 3.9] there exists a i^g G CO(G) such that 

n{GY = n{G)e%n{G). 

For any K G CO(G) with K C K, we have ex, G n{G)eKn{G). Hence 

n{G)ei^n{G) = [H{G)eKn{G)) r\n{GY 

contains e|^^ and must equal ?{{GY- We note that these are precisely the special 
idempotents constructed in [BuKul Proposition 3.13]. 

c) and d) follow directly from b) and the characterisation of S{GY and G*{GY as 
the ideals generated by Ti.{GY- ^ 

Let 5 = [M, a]G G n{G) and put 

N{M, a) = {g £ Ng{M) : cj^' = cj x for some x ^ ^nr(M)} , 
Ws = N{M,a)/M. 
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Theorem 2.2. For K € CO(G) as in Proposition I2.1l b H{G,Ky is a unital finite 
type algebra with center isomorphic to 

0{X^,{M)/W,) = 0{X^,{M))^^. 

There are natural isomorphisms 

Z{n{G,K,r) ^ Z(Rep(G)«), 
Fnm{n{G,K,Y) ^ Irr(G) n Rep(G)^ 
Fvim{S{G,K,f) ^ Irr*(G) n Rep(Gf . 

Proof. This follows from Theoreme 2.13 and Corollaire 3.4 of [BeDe] . in combi- 
nation with Proposition 12.11 □ 



The cohomological dimension of the abelian category Rep(G) equals the rank 
of G, which is by definition the dimension of a maximal split subtorus of G [ScStl 
Section II. 3]. The author does not know whether the abelian category Rep*(G) has 
finite cohomological dimension. Yet one can determine something like the global di- 
mension of S{G), at the cost of using more advanced techniques. Namely, according 
to Meyer |Mey2[ Theorem 29] the cohomological dimension of the exact category 
Modf,(5(G)) of complete essential bornological 5(G)-modules is also equal to the 
rank of G. The natural tensor product to work with in this category is the com- 
pleted bornological ^-balanced tensor product, which we denote by For Frechet 
spaces (^c agrees with the completed projective tensor product, so we abbreviate 
it to ®. For later use we translate these cohomological dimensions to statements 
about Hochschild homology. 

Lemma 2.3. a) HHn{n{G)) = for all n > rk(G), 
b) HHn{S{G), ic) = for all n > rk(G). 

Proof, a) can be found in [Nisj but we prefer to derive it from the above. Let 

C^Po^Pi< ^ Prk(G) ^ (2.15) 

be a projective resolution of the trivial G-module C. Endowing Pm®'H{G) with the 
diagonal G-action, T~i{G) <— P* iX" 'H{G) becomes a resolution of 'H{G) by projective 
'H(G)-bimodules. By definition 

HHMG)) = Tor^(^)«^(^)°^(H(G),H(G)) 

= Hn (Hom„(G)^H(G)op {P.®'H[G)MG))), 

which clearly vanishes for n > rk(G). 

b) We will use that the inclusion ^{{G) S{G) is isocohomological |Mey2 Theorem 
22] . According to |Mey2[ (22)] the differential complex 

S{G) ^ S{G)^n(G)P*^cSiG) 
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is a projective resolution of 5(G) in Modb{S{G)). Hence 
HHr.{S{G),^c) = Torf(«)§'5(G)-(5(^)^5(^)) 

= i/„(Hom5(^)g5(^).p(5(G)g«(G)nic5(G),5(G))) . 

Prom ()2.15p we see immediately that this vanishes Vn > rk(G). □ 



Corollary 2.4. Let s G n(G),n> rk(G) and K € CO(G) he such that K C K^. 

a) HHn{n{GY) = = HHn{n{G,KY) , 

b) HHn{S{Gf,®c)=^ = HHn{S{G,Kf,®) . 
Proof, b) From (pJ2]) and (plT]) we see that 

HHn{S{G),®c) = ®,^niG)HHniS{Gr, gc) • (2.18) 
By Proposition 12. li e 

HHn{S{G,Ky,^) = Torf(^'^)°^•5(^'^)°'°'(5(G,K)^5(G,i^)^) ^ 

where we take the torsion functors in the category of complete bornological modules. 
By Lemma l2.3[ b these homology groups all vanish for n > rk(G). 
a) can be proved in exactly the same way as b), using (j2.1ip . Lemma 12.31 a and 
Proposition 12. li b. □ 



2.2 The Plancherel theorem 



The Plancherel formula for G is an explicit decomposition of the trace 

n{G)^C , f^fie) 

in terms of the traces of irreducible G-representations. Closely related is the Plan- 
cherel theorem, which describes 5(G) in terms of its irreducible representations. 
This description is due to Harish-Chandra [HClt lHC2] . although he published only 
a sketch of the proof. Harish-Chandra's notes were worked out in detail by Wald- 
spurger |Wal| . In the present section we recall the most important ingredients of the 
Plancherel theorem, relying almost entirely on the above papers. 

A parabolic pair (P, A) consists of a parabolic subgroup P of G and a maximal 
split torus A in the center of some Levi subgroup M of P. If N is the unipotent 
radical of P then P = M x iV and M = Zg{A). Moreover restriction from M to ^ 
defines a surjection X^j-^M) X^j-^A) with finite kernel. 

The maximal parabolic pair is {G,Ag), where Ac is the unique maximal split 
torus of Z(G). We fix a maximal split torus Aq of G, and a minimal parabolic 
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subgroup Pq containing Aq. We call {P,A) semi-standard if A C and standard 
if moreover P D Pq. Every parabolic pair is conjugate to a standard one. 

Let (lo, E) be an irreducible square-integrable representation of M. By definition 
this entails that E is smooth, pre-unitary and admissible. Let (w, E) be the smooth 
contragredient representation. The admissible G x G-representation 

L{uj, P) = lf^${E ®E) = I${E) (g) /^(^) 

is naturally a nonunital Hilbert algebra. Notice that for every x € X^jyj-{M) the 
representation Lij(g)x is also square-integrable, and that L{oj®x-,P) can be identified 
with L{io,P). Let be the set of k € Xnr(M) such that lo k is equivalent to 
Lv. This is a finite subgroup of X^^j-{M). For every A; G k^^ there exists a canonical 
unitary intertwiner 

I{k,uj) G }iomGxG{L{(^,P),L{^ k,P)) . 

Next we consider the intertwiners associated to elements of various Weyl groups. 
Let {Q,B) be another parabolic pair. Write for the set of all homo- 

morphisms B ^ A induced by inner automorphisms of G. This is a group in case 
A = B: 

W{G,A) := W{A\G\A) = Ng{A)/Zg{A) = Ng{A)/M . 

Let (Q, A^), with g G G,he yet another parabolic pair, and put n = [g] £ W{A^\G\A). 
The equivalence class of the M^-representation {lo^ , E) depends only on n and may 
therefore be denoted by nuj. Waldspurger constructs certain normalized intertwiners 
°CQ^p{n,oj). Preferring the simpler notation I{n,Lo) we recall their properties. 

Theorem 2.5. [WaH Paragraphe V] 

Let{P,A), {P',A') and{Q,B) be semi-standard p-pairs, and n £ W{B\G\A). There 
exists an intertwiner 

I{n, u; (g) x) G RouiGxciLiuj, P), L{nuj, Q)) 

with the following properties: 

• X ^ I{n,uJ ^ x) ^ rational function on Xjy^[M), 

• I{n,uj (g) x) is unitary and regular for x G ^unr(Af)) 

• Ifn'G W{A'\G\B) then 

I{n', n{uj (g) x))I{'n, u) ® x) = n,uj ®x) ■ 

To define the Fourier transform implementing the Plancherel isomorphism we 
introduce a space of induction data, such that every irreducible tempered represen- 
tation is a direct summand of (at least) one of these parabolically induced represen- 
tations. For every semi-standard parabolic pair (P, A) choose a set A^/ of irreducible 
square-integrable representations of M = Zg{A), with the following property. For 
every square-integrable vr G Irr(M) there exists precisely one lu & Am such that n 
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is equivalent to u; (gi x, for some x ^ -'^nr(-^)- We call a triple {P,A,uj) standard if 
(P, A) is a standard parabolic pair and uj G Am . 

An induction datum is a quadruple {P, A,uj,x) where {P,A) is a semi-standard 
parabolic pair, a; G A^/ and x ^ X^^{M). Let H be the scheme of all induction 
data and H„ the smooth submanifold of unitary induction data, that is, those with 
X £ X^i■av{M). Then H and H„ are countable disjoint unions of complex algebraic 
tori and compact tori, respectively. For ^ = (P, A, w, %) € H we put 

m = ® x) ■ 

By [WaH Lemme III. 2. 3] the representation /(^) is tempered if and only if a; X 
is tempered, if and only if ^ € H^. Like for cuspidal pairs one can define inertial 
equivalence on The set VL^{G) of all equivalence classes [P^A^uj\g is called the 
Harish-Chandra spectrum of G. It comes with a natural surjection — > 
see [SSZl Section 1]. It follows from Proposition 12.11 and [Wall Theoreme VIII. 1.2] 
that this map is finite-to-one. 

Let >Ch be the vector bundle over H which is trivial on every component and whose 
fiber at E, is L{uj,P). We say that a section of this bundle is algebraic (polynomial) 
or rational if it is supported on only finitely many components, and has the required 
property on every component. Now we can define the Fourier transform: 

^ ' V > 2.20 

T{!)(P,A,uj,x)=l{P.A,^,x){f)^i^{^.P). 

where we used the notation from (j2.4p . Notice that this differs slightly from /(a; 
X, P) as in |Wal[ §VII.l]. To make it fit better with its natural adjoint Waldspurger 
adjusts the Fourier transform. We will use ()2.20p though, because it is multiplicative. 

To formalize the action of the intertwiners on sections of we construct a 
locally finite groupoid W. The set of objects of W is S and the morphisms from ^ 
to ^' are the pairs (fc, n) with the following properties: 

• A; G , 

• n G W{A\G\A!) and n{A) = A, 

• nuj' is equivalent to u; x foi' some x £ X^j- (M) . 
The multiplication in W, if possible, is 

(k, n){k' , n) = {k{k' o n),nn') . 

Let r(H; £=) be a suitable algebra of sections of C-,- For / € r(H; £=) we define 

k.f{x)=Iik,u;)fik~'u;), 
n- fix) = I{n^^)f{x' °n) . 

Notice that the intertwiners do not stabilize 0(5;/^=) in general. Nevertheless, we 
write 0(H; C~)^ for the subalgebra of W-invariant sections, which by construction 
contains T{Ti.{G)). Because {uj,E) is admissible. 
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has a natural Frechet topology, for every K € CO(G). We endow 

Cr(H„;/:s)= lim 

K&CO(G) 

with the inductive limit topology. The Plancherel theorem for reductive p-adic 
groups reads: 

Theorem 2.6. fHC2l lWaI] 

The Fourier transform 

is an isomorphism of topological algebras. 

A simple representation theoretic consequence of this important theorem is 

Corollary 2.7. For any w & W and ^ G H such that is defined, the G- 
representations /(.^) and I{w^) have the same irreducible subquotients, counted with 
multiplicity. 

Proof. By [Cas( Corollary 2.3.3] we have to show that the traces of /(.^) and 
I{w(,) are the same, in other words, that the function 

n{G) X X„,(M) ^ C : (/, x) ^ tr I{P, A, u, x){f) - tTl{wP, wA, wu, x o w-^){f) 

is identically 0. Because this is a polynomial function of it suffices to show that 
it is on n{G) x X^nv{M). That follows from Theorem [221 □ 



The Plancherel theorem can be used to describe the Fourier transform of G*{G). 
For {uj, E) € Aj\,f let /C(w, P) be the algebra of compact operators on the Hilbert 
space completion of Ip (E) . Notice that 

IC{oj,P)= lim L(w,P)^^^ (2.21) 
itGCO(G) 

in the C*-algebra sense, and that the intertwiner I{n, uj) extends to /C(w, P) because 
it is unitary. Let /Ch be the vector bundle over H whose fiber at (P, A, a;,x) is 
/C(a;,P), and let Co(Hm;/Cs) be the C*-completion of 

e(P,A,-)C(^unr(M);/C(^,P)). 

Theorem 2.8. [Plyl Theorem 2.5] 

The Fourier transform extends to an isomorphism of C* -algebras 

C;(G)^C7o(H„;/Csr. 

We can also describe the images of the subalgebras S{G, K) and C*{G, K) under 
the Fourier transform. 

Theorem 2.9. Fix K G CO(G). There exists a finite set of standard triples 
{Pi, Ai,uJi) with the following properties. 
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a) The Fourier transform yields algebra homomorphisms 



where Wj is the isotropy group of {Pi, Ai,uji) in W. 

b) The first map is injective, the second is an isomorphism of Frechet algebras and 

the third is an isomorphism of C* -algebras. 

c) For every w G Wi there exists a unitary section 

which extends to a rational section on X^T-(Mi), such that 

wfix) = uMf{w-\)u-\x) V/ G C(X,„r(M,)) ® L(o;i,Pi)'^^'^- (2-22) 

Proof. The author aheady proved this result in [Solll Theorem 10] but we include 
the proof anyway. Notice that, in constrast with Proposition 12.11 it is not necessary 
to require that K is "small", expect for being compact. That is because the most 
tricky (namely, not completely reducible) representations in a Bernstein component 
[M, a\G appear only if we twist a by a nonunitary character x € Xnr(M) \Xunr(-^)- 

According to [Wall Theoreme VIII. 1.2] there are only finitely many components 
in the Harish-Chandra spectrum 0*(G) on which the idempotent ck does not act 
as 0. Pick one triple {Pi, Ai,u:i) for each such component. Now a) and b) follow 
immediately from Theorems 12.61 and 12.81 

Concerning c), every automorphism of 

L{u:i,Pif'' ^^ndc{l'^{E)'') 

is inner, so ()2.22p holds for some section u^. Using Theorem 12.51 we can arrange 
that is rational on X^^{Mi) and unitary on Xunr(-^i)- ^ 



2.3 The Langlands classification 

The Langlands classification describes the relation between the smooth spectrum of 
G and the tempered spectra of its Levi subgroups. Let (P, A) be a semi-standard 
parabolic pair, let X*{A) be the lattice of algebraic characters of A and put 

a* = X*{A) ®zK = ^*(M) 

For A = Aq and A = Aq we write a* = and a* = o^, respectively. There is a 
natural homomorphism 

Hm-M ^ Homz(X*(M),]R) ^ HomK(a*,M) , 

(2 23) 
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where q is the cardinahty of the residue field of F. Conversely, for € a* we define 
a nonramified character Xu of by 

Xu{m) =q^'''^^^"'^l (2.24) 

This yields an isomorphism 

0* = Hom(M,R>o), 

where Horn is taken in the category of topological groups. Let Q be a parabolic 

subgroup such that P C Q C G, and let q be its Lie algebra. It decomposes into 
^-eigenspaces 

qa-={x&(\- Ad(a)x = a{a)x Va G A} (2.25) 
with a G X*{A). The roots of Q with respect to A are 

S(Q, A) := {a G X*{A) \ {1} : q„ / 0} . (2.26) 

The inclusions A —>■ Aq and Mq M identify a* as a direct summand of Oq. We 
have a root system 

So = S(G,Ao) C a*o 

with positive roots ^(Poj^o), simple roots Aq = A(Po)^o) and Weyl group Wq = 
W{Po, Aq). We fix a Wo-invariant inner product ( , )o on Og, so that we may identify 
this vector space with its dual. Denote the Lie algebras of A and by o and ag. 
(Notice that ao is not the dual of ag, these are vector spaces over different fields.) 
For F C Ao we put 

= SonMF C Wf = {s^ : a £ F) C Wq , 

ap = {x e ao : a{x) = O^a e F} Ap = exp(aF) , 

= ( 0aeSj. 0a) © oo Mp = Zg{Af) , (2.27) 

np = ©„gs(Po,Ao)\s^ 0" = exp(nir), 

PF = (0aeS(Po,Ao)US^fla) ®«o Pf = Mp K Np . 

Every standard parabolic pair is of the form {^Pp^Ap) for some F C Aq. In this 
situation F = /S.{Pp, Ap) is the set of nonzero projections of Aq C ttg on a^, and 
W{Mp, Aq) = Wp. In particular a standard parabolic pair is completely determined 
by either of its two ingredients. 

Furthermore we introduce the open and closed positive cones in a*: 

a*'+ = {i/ G a* : (z/, a)o > OVa G A(P,^)}, 
a*'+ = {zy G a* : (i/, a)o > OVa G A(P,^)}. 

Their antidual is the obtuse negative cone in ag : 

a*'" := {/X G (z^ , /x) < Vzx G a^'+j . 

The set of Langlands data A+ consists of all quadruples A = (P, ^4, cj, v) such that 

• (P, A) is a standard parabolic pair with Levi component M = Zg{A), 
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• cr G Irr*(M), 

• G a*'+. 

Given a Langlands datum A G we pick a concrete realization of a and we con- 
struct the admissible G-representation /(A) = Ip{a^Xu)- Notice that A determines 
/(A) only modulo equivalence of G-representations. The classical Langlands classi- 
fication for reductive p-adic groups reads: 

Theorem 2.10. a) For every A G A+ the G -representation /(A) is indecomposable 
and has a unique irreducible quotient. 
We call this the Langlands quotient J(A). 

b) For every tt G Irr(G) there is a unique A G A+ such that vr is equivalent to J(A). 

Proof. See [Kon] or [BoWal §XI.2]. We note that Konno proves the uniqueness 
part only modulo VFo-conjugacy. However, two Wo-conjugate Langlands data are 
necessarily equal, which we will show in a more general setting in Lemma [2.131 □ 

The Langlands datum of vr G Irr*(G) is simply (G, Ac vr, 0), and conversely J(A) 
cannot be tempered if 7^ 0. For every A G A"*" the Langlands quotient is maximal 
among the irreducible constituents of /(A), in a suitable sense: 

Lemma 2.11. Let A = (P, A, cr, i^) and A' = {P\ A\a' be Langlands data, and 
suppose that J(A') G JH(/(A)). 

a) v' -V ^ ^' C ^ ^^'^ P' ^ P- 

b) Ifu' = v then A' = A. 

c) EndG(/(A)) = C. 

Proof, a) and b) The statements about v and v' are |BoWal Lemma XI.2.13]. 
From the definition of A+ we see that A' C A and P' D P whenever v' — v . 
c) Let 4) G EndG(/(A)) and write M(A) = ker(/(A) J(A)). By Theorem [2T0] and 
the above M(A) and J(A) do not have any common irreducible constituents. Hence 
the composition 

M(A) ^ /(A) ^ J(A) 

of (j) with the quotient map is zero, and (j){M{\)) C M(A). Therefore (j) induces 
a map G EndG'(J(A)) and, because J(A) is irreducible, 4)j = ^ldj(^x^ for some 
^ G C. We want to show that 

:=(/>- /ild,(;,) GEndG(/(A)) 

equals zero. By construction 'ip{L(X)) C M(A). Let V be an irreducible quotient 
representation of M(A) and consider the induced map ipv G HomG(/(A), F). It 
follows from Theorem 12. lOi a that the smooth contragredient representation /(A) of 
/(A) has exactly one irreducible submodule, which moreover is equivalent to J(A). 
Since V is not equivalent to the contragredient of J(A), we find 

= HomG(V^, /(A)) ^ HomG(/(A), V) . 
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In particular ipv = and ^l^{I{X)) C ker(M(A) — > V). Since M(A) has finite length 
[BePej p. 30], we conclude with induction that 

HomG(/(A), Af(A)) = . (2.28) 

Thus ip = and cp = fi Id/(;^) . □ 

We would like to reformulate Lemma [2.11[ b with a condition on a instead of on z^. 
To achieve this we will define a variation on the central character of a representation. 
Suppose that tt G Irr(G) belongs to the Bernstein component 5 = [M,p]g- We may 
assume that M is a standard Levi subgroup and that p is a unitary supercuspidal 
M-representation. Pick x-k £ -^nr(Af) such that vr G JH(Ip(p (g) Xtt))) and consider 
log I Xtt I £ ci*- This does not depend on the choice of p, and by Theorem 12.21 it is 
unique modulo Wg. However, we could have chosen another standard Levi subgroup 
M' conjugate to M. Since T^(A'|G|A) C Wq, this would lead to 

log Ix^l = w log IxttI £ do for some w G Wq ■ 

Thus we get an invariant 

ccG(vr) := Wo log |xvr| G a^Wo , 

which can be considered as a substitute for the absolute value of the Z{7i{G))- 
character of vr. We note that, because the inner product on Oq is l^o-invariant, 
||ccG(vr)|| is well-defined. Furthermore the orthogonal projection of ccG(7r) on a*Q 
consists of a single element, known as the central exponent of vr. If vr € JII(Ip^(r)) 
for some r G Irr(Mir) then, by the transitivity of parabolic induction 

ccG(vr) = W^occA/^(r). (2.29) 

Lemma 2.12. Let A = {P, A,a,v) and A' = {P' , A' ,a' ,1^') be different Langlands 
data, and suppose that J(A') G JH(/(A)). Then 

1 1 CCA// (cr') 1 1 > l|cCAf(o-)|| . 

Proof. By (j2.29p all irreducible constituents of 1(A) have the same ccc-invariant, 
so ccg(J(A')) = ccg(J(A)). We have 

CCAf (cr Xu) = CCAf(o-) + U = Wm log \Xa\ + & O^/Wm ■ 

Since a is irreducible and tempered, it is a unitary M-representation [Wall Proposi- 
tion III.4.1], in particular log \ xa\ = on ^. But G o* is zero on the derived group 
of M, so (log IxctI , i^)o = 0- Hence 

||ccg(J(A))||^ = ||cca/(o-)||^ + ||z^|p , 

and similarly 

I|ccg(j(a'))|| = iIcca/Ko"')!! ■ 

By Lemma 2.9 u' — u £ cLq \ {0}, which by |Kon[ Claim 3.5.1] implies ]]z^]] > 
Since )]ccg(J(A))])^ = ])ccg(J(A'))]]^, we conclude that ]]cca/(o")|1^ < 1|cca/'(o'')1)^ . □ 
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2.4 Parametrizing irreducible representations 



We will combine the Langlands classification with the Plancherel theorem to parametrize 
of the irreducible smooth G-representations. This parametrization is not complete, 
in the sense that certain packets contain more than one irreducible representation, 
but we do have some information about their number. Important for our purposes 
is that this parametrization clearly distinguishes tempered and nontempered repre- 
sentations. These results were inspired by unpublished work of Delorme and Opdam 
|DeOp2| on affine Hecke algebras. 
For ^ = (P, A,uj,x) € H we define 

u{0 = loglxl m) = {ae^{P,A):{u{C),a)o = 0}, 

M{i) = ZG{A{i)) A{i) = {aGA:a(a) = lVaGS(0}, (2.30) 

P{i) = PMiO u;{0 = (0.^x1x1-^). 

By [Wall Lemme III. 2. 3] uj{S^) is a tempered pre-unitary M(^)-representation. For 
^ G we simply have 

u{0 = , = S(P, A) , A{0 = Ag , P(6 = M(e) = G and a;(0 = 1(0 . 

For general ^ these objects are designed to divide parabolic induction into stages, 
like in [KnVol §XI.9]. The first stage corresponds to the unitary part of x the 
second stage to its absolute value. This is possible since 

= Ind?M(5) (4m(0 ^ I^4nS/(0 (4nM(0 ^ X ^ ^) ) (2-31) 

^Ind^(<5p/^OX®w) = 1(0 ■ 

Clearly we can transfer the positivity condition from Langlands data to induction 
data. We say that ^ = {P,A,oj,x) S S+ if {P,A) is standard and log|x| € a*'+. 
This choice of a "positive cone" is justified by the following result. 

Lemma 2.13. Every ^ € H is W-associate to an element ofE^ . If ^1,^2 € are 
W-associate, then the objects A{^i), M{^i), P{^i) and are the same for 

i = 1 and i = 2, while uj{S,i) and lo{^2) o,re equivalent M[^i) -representations. 

Proof. As we noted before, every parabolic pair is conjugate to a standard one. 
By [Hum^ Section 1.15] every Wo-orbit in contains a unique point in a positive 
chamber 0*'+ (for a unique A C Aq). This proves the first claim, and it also shows 
that 

loglxil = log 1x2 1 G 0.1- (2.32) 

Hence the z^'s, S's, vl's, P's and M's are the same for i = 1 and i = 2. If now w E W 
is such that wuji = uj2, then by Theorem 12.51 applied to M(^j), there is a unitary 
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intertwiner between and ^(^2)- ^ 

The link between these positive induction data and the Langlands classification 
is easily provided: 

Proposition 2.14. Let ^ = {P,A,uj,x) e S+. 

a) Let T be an irreducible direct summand ofuj{^). Then (P(^), ^(^), r, € A+. 

b) The irreducible quotients of L{^) are precisely the modules J(P(^), A(^), r, z^(^)) 

with T as above, and these are tempered if and only if ^ G S„ . 

c) The functor -^p(^) induces an isomorphism Endjv,/(^)(ti^(0) — EndGr(/(0)- 

Proof, a) follows directly from the definitions (j2.30p . 

b) follows from a) and Theorem 12.101 

c) Let a be an irreducible direct summand of oj{^), which is not equivalent to r as 
a M(^)-representation. By Lemma l2.11l b 

j(p(0,^(0,T,KO) ^ JH(/(P(0,^(0,^,K6)) • 

The proof of ^OJM . with L{P{C), A{C),a, v{£)) in the role of M(A), shows that 

HomG(/(P(6, ^(0, , L{P{0, A{0, a, ) = . 

Now the result follows easily from Lemma l2.111 c. □ 

As announced, we can parametrize Irr(G) with our induction data. 

Theorem 2.15. For every vr G Irr(G) there exists a unique association class 
W{P, A,uj,x) G H/W such that the following equivalent statements hold: 

a) vr is equivalent to an irreducible quotient of L{^^), for some 

^+ eWiP,A,u,x)nE+. 

b) TT € JH(I(P, A, w, x)) o^iT'd ||cca,/(u;)|| is maximal with respect to this property. 

Proof, a) Let {P.,^, Aj^ja^v) be the Langlands datum associated to vr. Write 
W^, H-^ etcetera for W, H, but now corresponding to H = = Zg{At^) instead of 
G. By Theorem 12.61 applied to H, there exists a unique association class 

W^^" = W"{Pf n H, AF,io",x") G s^/w^ 
such that (7 is a direct summand of /^(C) = ^Ppnui^^ ® X^)- Put 

By Proposition I2.14l b vr € JH(I(,^~'')), and by Lemma 12.131 and Theorem 12.61 the 
class W(,~^ G H/W is unique for this property. 

b) In view of Corollary 12.71 and Lemma 12.131 we may assume that ^ = {P, A,u;,x) G 
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H"*". Suppose that vr is not equivalent to a quotient of /(^), and let r be an irreducible 
summand of such that vr G JH(/(A)), with A = iP{(,), A{^),t,u{(,)) G A+. By 
Lemma [212] and (l2:29]l 

||cA/f.(^^)|| = ||CCM^(0-)|| < ||cCm(5)(t)|| = ||cCM(t^)|I • 

This contradiction proves that vr must be equivalent to a quotient of /(^). Hence ^ 
satisfies the condition from a), which shows that is unique. In particular condi- 
tions a) and b) are equivalent. □ 

Every standard triple (P, A, uj) gives a series of finite length G-representations 
I{P, A,uj,x), parametrized by x ^ Xjij-{M). Every such series lies in a single Bern- 
stein component. Let Iri'(G)(p^^ denote the set of all vr € Irr(G) which are equiv- 
alent to an irreducible quotient of for some G n W{P, A,(jj, Xj^r{M)). 
Theorem 12. 151 tells us that these subsets form a partition of Irr(G). We note that 

Irr*(G)(p,^,,) := Irr(G)(p,^,,) n Irr*(G) 

consists of the direct summands of the I{P, A, uj, x) with x ^ X„^j-{M). As a topo- 
logical space Irr(G)(pyi is usually not Hausdorff, since certain x ^ X^^M carry 
more than one point. The following result shows that the singularities depend only 
on the W-action, and can therefore already be detected on Irr*(G)(pyi^^). 

Lemma 2.16. Suppose that t — > = {P, A,uj,xt) is a path in H, and that : = 
{w £ W : w(^t) = Ct} does not depend on t. Then \ JH{I{^t)) H Irr(G)(p^^ | does 
not depend on t. 

Proof. For xt moving within Xy^^j-{M) this property can be read off from Theorem 
12.91 Take n € W^. According to Theorem 12.51 the intertwiner I{n,uj (8> x) extends 
holomorphically to a tubular neighborhood U of X^^j-{M) in X^^{M). Hence the 
desired result also holds for paths with xt ^ U Vt. 

Now consider any path as in the statement. For every to there is an r € (—1,0] 
and a neighborhood T of tQ such that 

x't ■■= xtlxtl' eumeT. 

By Proposition 12. 14] b 

|JH(I(et)) nIrr(G)(p,^,^)| = |JH(I(eO) n Irr(G)(p,^,^) | . 

We just saw that the right hand side is independent oi t € T, hence so is the left 
hand side. □ 

With these partitions of Irr(G) and Irr*(G) we can construct filtrations of corre- 
sponding algebras, which will be essential in the next chapter. 
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Lemma 2.17. Let s G Q{G) be a Bernstein component and pick € CO(G) 
as in Proposition 12. li b. There exist standard triples {Pi,Ai,LOi) and filtrations by 
two-sided ideals 

n{G, K^y = nf)DniD ■■■Dni^=o, 

S{G,K,r =S^ D St =0, 

such that 

a. ntdSf , 

b. Pnm{nU/nt) = Irr(G)(p,,^,,^,) , 

c. Pnm(5ti/5f) - Irr*(G)(p,,^^,^^) . 

Proof. By (f2TT]) S{G,Ksf is a direct summand of S{G,Ks), so Theorem ED 
assures the existence of finitely many (say rig) standard triples {Pi, Ai,uJi) such that 

S{G,K,r = ©,(C°°(X,,,(M,)) L(^„P,)^^x^^)^\ (2.33) 

In view of Theorem 12.21 Prim(7Y(G'. K^Y^ is a union of series corresponding to stan- 
dard triples. Looking at the unitary parts of these series and at (j2.33p . we find 
that 

Prim(W(G, K,y) - [j,lvv{G)^p^^A„u.,) ■ (2.34) 
Number the triples (Pj, Aj,u;j) from 1 to n^, such that 

||cCM,('^i)|| > ||cCAf,(Wi)|| if j <i. 

We define 

nt = {hen{G,K,r :7r{h)=0WGlTiiG)(^p^^A„u.,)yj <i}, 

5f = {/iG5(G,K,)-7r(/i)=0V7rGlrr*(G)(p^,^^.,^^.),Vj<i}. ^ '""^^ 

Since the Jacobson closure of Irr*(G)(p^^^^._(^^.) in Prim(7Y(G)) contains Irr(G)(p^^^^._j^^.), 
we have TLf C 5f . From (|2.33p we get 

(C°^(X,,r(M,))®L(u;„P,)'^=^''0'^N (2-36) 
which shows that c) holds. We claim that 

Uj<MG)(p,,A,,^,) 

is closed in the Jacobson topology of TC{G, K^y. Its Jacobson closure consists of all 
irreducible subquotients vr of /(Cj) = -^j^^j^x)-, foi' any j <i and x ^ ^nr(-^j)- 
Suppose that vr ^ Irr(G)(p^^^^. ,^^.). By Theorem 12.151 tt € Irr(G)(p^yi_^) for some 
standard triple with ||ccm('^)|| > ||cca/^ (u;j)||. In view of (j2.34p we must have 
w{P,A,uj) = {Pn, An^oJn) for some u; € yy and n € N. Then 

||cCA/„(t^n)|| = ||cCA/(t^)|| > ||cCAf^(u;j)|| , 

SO n < j < i, proving our claim. Consequently 

Prim(HO =U,>.Irr(G)(p^,^^,,^,), 
which easily implies b). □ 
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Chapter 3 



The noncommutative geometry 
of reductive p-adic groups 



3.1 Periodic cyclic homology 

The results of Chapters 1 and 2 enable us to compare the iC-theory and the periodic 
cyclic homology of reductive p-adic groups. Before proceeding we recall that HP^, is 
continuous in certain situations. Here and in the next results we will freely use the 
notations from Chapter 2. 

Theorem 3.1. a) Suppose that A = limj^oo^j is an inductive limit of algebras and 
that there exists iV G N such that HHn{Ai) = OVn > iV,Vi. Then HP^{A) ^ 
limj_oo HP^:{Ai). 

b) Suppose that B = limj^oo Bi is a strict inductive limit of nuclear Frechet algebras 
and that there exists G N such that HHn{Bi,®) = OVn > N,\/i. Then 
HP^{B, ic) = linii^oo HP^{Bi, g). 



Proof. According to [Mey3 Theorem 1.93] the completed bornological tensor 



product agrees with Grothendieck's completed inductive tensor product for strict 
inductive limits of nuclear Frechet spaces. This identifies b) with |BrPH Theorem 3]. 
Part a) is just the simpler algebraic version of this result, which can also be found 
in [Nisi Proposition 2.2] □ 



Theorem 3.2. Let s G 0(G) be a Bernstein component and let G CO(G) be as 
in Proposition 12. li b. 

a) The Chern character for S{G, K^Y induces an isomorphism 

K,{Cr{GY) 0z C ^ HP,{S{Gy, ®c) • 

b) The direct sum of these maps, over all 5 G ^{G), is a natural isomorphism 

K^GriG)) HP4S{G),r 
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(3.2) 



Proof. By (I2.33|) and Theorem 1 1 . 9 1 the Chern character 

ch idc : (5(G, K,Y) ^ HP, K.f) (3.1) 
is an isomorphism. Furthermore there are natural isomorphisms 

K,{C;{G)) ^i^.(lim0C;(G)^ 
e see 

- K,{c;{Gy) 

sen{G) 

^0 lim K,{C;{G,KY 
sen{G) Keco{G) 

- K,{c;{G,K,r) 

- K,{S{G,K,y). 

sen{G) 

Here we used respectively ()2.13p . (|2.9p . Proposition 12. li d and that is invariant 
for passing to holomorphically closed dense Frechet subalgebras. Similarly, 

HP4S{G),^c) = lim HP,{S{G,K),^) 
KeCO{G) 

^0 lim HP4S{G,Ky,%) 
s&n{G) xeco(G) 

- i^n(5(G)^®c) 

seQ{G) 

^ HP4S{G,K,Y3)- 

sen{G) 

For the first and third isomorphisms we need Theorem 13. li b, which we may in- 
deed apply due to Corollary I2.4i b. The second and fourth isomorphisms rely on 
Proposition 12. li e. 

Finally we combine the last lines of ()3.2p and ()3.3p with ()3.ip . □ 



Altogether this theorem involves quite a few steps, but one is always guided 
by the general principle that algebras with the same spectrum should have closely 
related invariants. 

Next we will prove the comparison theorem for the periodic cyclic homology of 
reductive p-adic groups. This result was suggested in [BHP31 Conjecture 8.9] and in 
[ABPi Section 4]. It is more difficult than Theorem 13. 2i precisely because the above 
principle does not apply. We remark that Nistor [Nisi Theorem 4.2] already gave a 
rather explicit description of HP,{?{{G)). 

Theorem 3.3. The inclusions ?{{Gy S{Gy for s € Q{G) induce isomorphisms 

HP,{n{Gy) ^ FP,(5(G)^§c) , 

HP,{n{G)) ^ HP,{SiG),^c)- 
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Proof. It follows from Theorem 13.11 a. Corollary 12.41 a and Proposition 12. li b that 
HP,{n{G)) ^ HPMGf) 

- hm HP^imCKY) .34. 
sen(G)KecoiG) 

^ HP,{H{G,K,Y) 

Ben{G) 

Together with (j3.3p this reduces the proof to showing that for every Bernstein com- 
ponent 5 G Q{G) the inclusion 

n{G,K,Y ^S{G,K,Y (3.5) 

induces an isomorphism on periodic cyclic homology . Applying Lemma 11.31 to the 
filtrations from Lemma l2.17l this will follow from the next result. 

Proposition 3.4. Let Tif and 5? be as in (I2.35p . The inclusion map 

induces an isomorphism on periodic cyclic homology . 

Proof. We would like to copy the proof of Theorem 11.101 with T = Wj and 

^smooth = Sf_]^/Sf , X' = Xunr(-^j)- 

By Lemmas l2.16l and l2.17l the primitive ideal spectra fit into the framework of Section 
II. 4[ On the smooth side everything works fine, but on the algebraic side we have to 
take into account that in general 

• the intertwiners Uw {w € Wi) are only rational on Xnr(Mj), 

• the center of 7{^_i/'Hf is "too small", in the sense that it does not contain all 
polynomial functions on X^j-{Mi)/Wi. 

In fact every element of 

z{nu/nt) c o{x^r{M,)/Wi) 

necessarily vanishes on the singularities of the intertwiners, because these points of 
X^j-(Mi) carry representations from Irr(G)(p._^^^^^) with j < i. 

Let £ be the collection of all the irreducible components of all the X^ , with 
H running over all subsets of Wj. We note that these are all of the form xT, with 
X G -^unr(^-^i) and T an algebraic subtorus of Xnr(Mj). We write T„ = TnXunr(-^j)- 
Let Cp be the subset of C consisting of elements of dimension < p, and define the 
Wj-stable subvarieties 

■= UxTe£p xT , 
X'p ■= Xp n X,nr(MO = []^TeC, xTu . 
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Let V be the finite dimensional vector space Ip^{Ei)^ and consider the ideals 

Ip := {heni,/nt:I{Pi,Ai,uJi,x)ih)=Oyx^Xp}, 
Jp := {/iG5ti/5f =OVxGX;}. 

It follows from ([2:36]) that 

Jp_i/Jp = Co-(X;,X;_l;End(F))>^^ 

The Jacobson topology makes Piim{Aaig / Ip) into a complex scheme, which need not 
be separable. Let 

ep : Prim(^a/3//p) ^ Xp/Wi 

be the natural morphism. Take C € Cp and consider Yq = 6p^{{WiC)/Wi). From 
Lemma 12.161 we see that Yq is a disjoint union of copies of (VViC)/Wj, of which 
certain subvarieties are given a higher multiplicity. Moreover, the only thing that 
can cause inseparability on Prim(74aig//p) is a jump in the isotropy group of Wi 
acting on C. By construction of Xp this implies that all inseparable points lie in 
9p^{Xp-i/Wi), so the corresponding primitive ideals contain Ip^i/Ip. 

We define Yp as the (maximal) separable quotient of Prim(ylaig/-^p)- From the 
above description we see that it is a complex algebraic variety on which 9p is well- 
defined. Let Zp be its closed subvariety corresponding to Xp^i/Wi. Then 

Prim(/p_i//p) =Yp\Zp, 

and this would agree with ()1.2ip if all the intertwiners were polynomial. We have 

Y^ := Ypn9p^(X^/Wi) = Hausdorff quotient of Prim(^smooth/>/p) , 

Z'p := ZpnOpHX^/Wi) = {J/^eY;:Z{Jp^,/Jp)cJ}, 

Y;\Z'p = Prim(Jp_i/Jp) = Prim(Z(Jp_i/Jp)) . 

With these notations the singularities of the Uw form a closed subvariety of Yp, 
disjoint from Yp. From page 1181 we know that there are natural isomorphisms 

HP,{Jp^,/Jp)^HP,{Z[Jp^,/Jp))=HP,{C^[Y;,Z'p))^H^*\Y;,Z'p). (3.6) 
For our comparison we will construct something similar on the algebraic side. 
Lemma 3.5. There exists a natural map 

HP,{Ip^i/Ip) ^ HP,{Oo{Yp,Zp)) . 

Proof. The main problem is the absence of a natural algebra homomorphism 
between Ip^i/Ip and Oo{Yp, Zp). As a substitute we will use the generalized trace 
map on the periodic cyclic bicomplex. 

Let C be an irreducible component of Xp, which is not contained in Xp^i. Pick 
any point x ^ C \ {C H Xp^i) and define 

Wc := {w : wx = x} ■ 
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This depends only on C, not on the choice of x- Since C is of the form "algebraic 
subtorus translated by a unitary element", C nXunr(-^j) is a (nonempty) real form 
of C. According to Theorem 12.51 the intertwiners /(w, w x) with w G Wc are 
regular on C H Xunr(-^i)) so they are regular on a nonempty Zariski-open subset 
of C. But I{w,ijj ® x) ^ GL^Endciy)) has finite order for all x ^ C, so it is in 
fact regular on the whole of C . In particular, for every x G C there is a canonical 
decomposition of V into isotypical projective Wc-representations: 

i{Pi, A,,ui, xf' = y = e • • • © . (3.7) 

Since x I{w,uj (8) x) is polynomial on C, the type of F as a projective Wc- 
representation is independent of x £ C*. Moreover the corresponding projections 
p{C,n,x} £ Endc(T^) are polynomial in x- 

For X G C n {X'j, \ Theorem EJ] assures that 

Endwc{HPuA,uJi,xf') = {I{P^,Ai,LOi,x){h) : h G } , 

so the summands of (13. 7p are in bijection with the irreducible constituents of the 
Hf_i/Hf -module I{Pi, AijLOijx)^" ■ Together with Lemma [2.161 this shows that for 
every x £ C H {Xp \ Xp^i) and every vr G JH^^j^ (^I{Pi, Ai,u>i, x)^" ) there is a unique 
direct summand of (|3.7p in which vr appears. We remark that JHG'(/(Pj, ylj, Wj, x)) 
may be larger, but the additional elements do not belong to Irr(G)(p.^^. 

For any w G Wj and any n < ric the intertwiner I{w,u; (8) x) maps Endc(l^) 
to Endc{V^^), for some isotypical component V^^ of the projective {wWcw~^)- 
representation I{Pi, Ai,LOi,wx)^^ ■ Write 

Yp:=Uc{'^,---,nc}xC , Zp :=Uc{l,...,nc7} X (CnXp_i), 

and let Wi act on these spaces by sending (n,C, x) to (n' ,wC,wx)- The above 
amounts to a bijection 

Prim(Vi//p) = Yp\Zp^ {Yp \ Zp)/Wi . (3.8) 

Furthermore we can make Wj act on the algebra 

Bp:= Oo{Yp,Zp) ^End{V) 

by the natural combination of the actions on Ip^i/Ip and on Yp. There is a morphism 
of finite type Z(?-^(G, i^s)^) -algebras 

(/) : Ip.i/Ip ^ B^^ , 

(p{h){C, n, x) = p{C, n, x) I{Pi,Ai,u;i, x){h) p{C, n, x) . 
By ()3.8p the central subalgebra 

Z{Bp)'^^ = Oo{Yp,Zp)'^^CB^^ 

satisfies 

Prim(Z(Sp)^») = {Yp \ Zp)/Wi = Prim(Vi//p) . 
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Now we are in the right position to apply the generahzed trace map. Recall iLodl 
Section 1.2] that, for any algebra B, this is a collection of linear maps 

tr„ : {B (g) End(y))®" ^ B^"" 

which together form chain maps on the standard complexes computing Hochschild 
and (periodic) cyclic homology. The tracial property can be formulated as 

tr„ o Ad(5)®" = tr„ (3.9) 

for all invertible elements b in the multiplier algebra of B. The induced maps on 
homology are natural and inverse to the maps induced by the inclusion 

B ^ B (g)End(y) : b ^ ebe (3.10) 

with e G End(y) an idempotent of rank one. Consider the composition 

tr„ o : (/p_i//p)^™ ^ Z{Bpf^ . 

In view of ([SJ]) and ([2:22]) the image is contained in {{Z{Bp))®"^)^\ The peri- 
odic cyclic bicomplex [ Lod[ Section 5.1] with terms ((Z(i?p))®'")^' has homology 
HP^:{Z{Bp)Y^\ because Wi is finite and acts by algebra automorphisms. Thus we 
obtain a natural map 

r := HP,{ti o 4>) : HP,{Ip^i/Ip) ^ HP,{Z{Bp))^^ . (3.11) 

By Theorem 11.61 a there are natural isomorphisms 

HP^ZiBp))"^^ ^ HP,{Z{BpY'^) = HP,{Oo{Yp,Zp)^^) 



= HP,{Oo{Yp, Zp)) ^ H^*\Yp, Zp) . 
The combination of (j3.1ip and (j3.12p yields the required map. □ 



(3.12) 



Lemma 3.6. The map 

HP,{Ip.i/Ip) ^ HP,{Oo{Yp,Zp)) 
constructed in Lemma 13.51 is an isomorphism. 

Proof. We will prove the equivalent statement that (|3.1ip is bijective. 

For q £ 'N, let Yp^q C Prim(/p_i//p) be the collection of all primitive ideals for 
which the corresponding irreducible Ip_ i//p-module has dimension < q. According 
to [KNSt p. 328] these are Jacobson-closed subsets, and they give rise to the standard 
filtration 

Ip-i/Ip = Lq D Li Z) ■ ■ ■ D LdimV ) 
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Since every irreducible Ip_i//p-module is a subquotient of V , L^imV is the Jacobson 
radical of Ip-i/Ip. We would like to apply the results of |KNSj to (j3.13p . but this 
is not directly possible because Ip-i/Ip does not have a unit. Therefore we consider 
the unital finite type algebra 

A := Z{n{G,K,r)®M2{Ip-i/Ip), 

{f®h){r®h') := iffefh' + fh + hh'). 

Since Hf and Hf_^ are ideals in Ti.{G,Kgy and every Ip C Ti.f_i/Ti.f is defined in 
terms of Wj-stable subvarieties of Xnr(Mj), this multiplication is well-defined. The 
standard filtration of A is 

A D M2{Lo) D M2(Lo) D M2(Li) D M2(Li) D • • • D MaCLdimv) • 

According to [KNSl Proposition 1 and Theorem 10], applied to the algebra A and 
its ideal M2{Lq) = M2{Ip-i/Ip), there are natural isomorphisms 

HP,{M2{Lg^i)/M2{Lg)) ^ H^*\Yp^g U Zp,yp,,_i U Zp) . (3.14) 



Let Yp^q be the inverse image of Yp^g under the map Yp \ Zp ^ Yp \ Zp from ([37 
To (I3.13P corresponds the filtration 

Z{Bp) = Fo D Fi D • • • D Fdimv = , 
Fg := Oo{Yp,Yp^g^ Zp) . 

By construction ()3.1ip induces a map 

Tg : HP,{Lg^l/Lg) ^ H {Fg / Fg)^^ , 

which is natural with respect to morphisms of the underlying varieties. By Theorem 
ll.6[ a the right hand side is isomorphic to 

HP,{Oo{Yp,g U Zp, Yp^g^i U Zp))^^ ^ HP,{Oo{Yp,g U Zp, Yp^g^i U Zp)) ^ ^ 

(3.15) 

^ifW(yp,,uZp,yp,g_iuZp). 

Since Tg is natural, (j3.14p and ()3.15p show that it is an isomorphism. Although r 
and Tg are not induced by algebra homomorphisms, they do come from maps of the 
appropriate periodic cyclic bicomplexes, which is enough to ensure that they are 
compatible with the connecting maps from ()1.12p . Hence we can use a variation on 
Lemma [L3l where the role of HP^{(j)) is played by r^,. This leads to the conclusion 
that (13. lip is an isomorphism. □ 

We return to the proof of Proposition 13.41 Lemmas 13.51 and 13.61 allow us to write 
down the following diagram: 

HP,{Ip^i/Ip) ^ HP,{Oo{Yp,Zp)) ^ H^*\Yp,Zp) 

i (1) i (2) i (3) 

HP,{jp^,/jp) ^ hp,{c^{y;,z'p)) - h^*\y;,z'p) 
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By Lemma [2.161 {Yp,Z'p) is a deformation retract of {Yp,Zp), so (3) and (2) are 
isomorphisms. Unfortunately the diagram does not commute, because unhke (j3.10p 
CQ°{Yp, Z'p) — > Jp-i/Jp is not a "rank one" inclusion. However, all the vector spaces 
in the diagram decompose as direct sums over the components of 1^ \ Zp, which 
were labelled (C, n) on page [411 For every such component the diagram commutes 
up to a scalar factor, namely the dimension of the corresponding module from 
(|3.7p . Therefore the diagram does show that the arrow (1) is an isomorphism. This 
concludes the proofs of Proposition 13.41 and Theorem 13.31 □ 

We remark that a slightly simpler version of the above proof also works for affine 
Hecke algebras and their Schwartz completions, see |Sol2] . 

3.2 Example: SL2{Qp) 

To clarify the proof of Theorem 13.31 we show in some detail what it involves in the 
simplest case. This section is partly based on the related calculations in |BHP2| and 
|Sol3l Section 6.1]. 

Let p be an odd prime, Qp the field of p-adic numbers, Zp the ring of p- 
adic integers and pZp its unique maximal ideal. We consider the reductive group 
G = 5*^2 (Qp) with the maximal torus A = | ^'^i ) : a G Qp } and the minimal 
parabohc subgroup ^ = { ( o ) '■ ^ Qp e Qp}. We have 

M = Zg{A)=A, 

W = Ng{A)/Zg{A) = {au{1~,^)a)/a. 

The Iwahori subgroup isi^ = {("^) : a,b,d G Zp ,c £ p'^p}. In this situation 
n{G,K) is Morita equivalent to 7^(G)^ where s = [M,a] G 0(G) is the Borel 
component, corresponding to the trivial representation (a, E) of M. According to 
|IwMa] 7i{G,K) is isomorphic to the Iwahori-Hecke algebra TC{Ai,p) of type Ai 
with parameter p. Furthermore S{G,K) is isomorphic to the Schwartz completion 
S{Ai,p) ofn{Ai,p), see |DeUpl| . 

We identify Xjij.{M) with by evaluation at ^op'^^) almost all x ^ 
Xnr(M) the G-representation I{P, A,a,x) is irreducible, so the separated quotient 
of Prim(W(G)^ is 

X^,{M)/W ^ CV(2 ~ z'^)- 

The if -invariant part I'{x) of I{P, A,a,x) is a two-dimensional 7^(G, iir)-module 
with underlying vector space V^^ = V := Ip{E)^ . The intertwining operator u^(x) 
has rank one if x^ = p^^ and is invertible for all other x G ^nr(Af)- More precisely 
the homomorphism 

i'{x)-n{G,K)^^nMVx) 

is surjective for the generic x and has image conjugate to {(g ^) : a, 6, d G C} for 
special x- Therefore Prim(7^(G, if)) has only two pairs of nonseparated points, at 

Wx = P^^'^ and Wx = -p^^^^ • (3.16) 
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The Ti.{G , K)-m.odules V-^ with x ^ XvLnr{M) extend continuously to S{G,K)- 
modules. Besides that, <S(G, K) admits precisely two inequivalent one-dimensional 
square-integrable modules, namely the irreducible submodules of and of V_pi/2- 
Hence Pvim{S{G,K)) consists of two isolated points (say S-^- and 5_) and a copy of 
X^nAM)/W ^ [-1, 1]. In the filtrations 

n{G, K^Y = niz)n\z}Hi = Q, 

S{G,K,y = S^DSfD si = o, 

we have 

5^^C°°(Xnr(M))^(8)Endc(l^) C C, 
St ^ C~(Xnr(M))^ ® Endc(F) , 
m = kev{S+) n ker(5_) C ©(XnrCM); Endc(F))^ , 
nynl ^ S^/Sf ^ Endc(5+) © Endc(<5-) = C C . 

The tricky step is to see that HP^{H\) = HP^{S(). Clearly 

Fvmi{Sf)^X^^,{M)/W, 

HP^Sf) ^ HP,{Z{Sl)) ^ H^*\X^^,{M)IW) ^ H*{[-1, 1];C) . 
However the image of 

/'(±pV2) .7^B^Endc(F±pi/2) 

is not M2(C), but it is conjugate to {([] ^) ■.b,d(^ C}. Therefore 

z^ni) = Oo{xUM)/w, {p^^i\ , 

even though Prim(Hi) = X-ax{M) /W . Consider the diagram 

ker /' 1/2) n ker /' ( - pV2) ^ ^ End(l/ 1/2 ) © End( Vlpi/2 ) 

T itr T 

Oo(^nr(M)/H^,T^{±pV'}) ^ 0{X^,{M)/W) ^ 

The upward arrows identify the centers of the respective algebras. These morphisms 
are spectrum preserving, so they induce isomorphisms on periodic cyclic homology. 
The downward arrow is the (generalized) trace map, which induces a map 

i?P,(tr) : HP,{n\) ^ HP,{0{X^,{M)))^ ^ HP,{0{X^,{M)/W)) . 

Now we apply the functor HP^ to the entire diagram, and we replace the downward 
arrow by ^i?P*(tr). The resulting diagram commutes and shows that HP^{tv) is a 
natural isomorphism. From the commutative diagram 

HP.iHl) ll^^l!^ HP,{0{X^,{M)/W)) ^ ijM(CX/(^~^~')) 
HP,{Sl) ^ HP4G^{X^^r{M)/W)) ^ H^*\S^/{zr^ z-^)) 
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we see that the left vertical arrow is indeed an isomorphism. From this we can derive 
a natural isomorphism 

We remark that the Borel component is the most complicated Bernstein component 
of SL2{Qp). Indeed with one exception every other s € Q{SL2{Qp)) has a trivial 
Weyl group, and therefore Prim(7^(S'L2(Qp))®) is homeomorphic to either or 
a point. Moreover both 7i{SL2{Qp)Y and S{SL2{Qp)Y are Morita equivalent to 
commutative algebras for such s. 



3.3 Equi variant cosheaf homology 

The most interesting applications of the results of Section 13.11 lie in their connection 
with the Baum-Connes conjecture. To make this relation precise we need several 
additional homology theories. In particular, our forthcoming discussing will require 
some detailed knowledge of equivariant cosheaf homology. Therefore we first provide 
an overview of this theory, which is mostly taken from [BCHl IHiNij . 

Let G be a totally disconnected group and S a polysimplicial complex. We 
assume that S is equipped with a polysimplicial G-action, which is proper in the 
sense that the isotropy group of any polysimplex a is compact and open. Let 
denote the collection of p-dimensional polysimplices of S, endowed with the discrete 
topology. Define the vector space 

Gp{G; S) := 0a.gEp C'^(Go-) 

where C°°{X) denotes the set of locally constant complex valued functions on a 
totally disconnected space X. We write the elements of Gp{G; S) as formal sums 
^„ fa [o"] . If r is a face of a then Gr D G^ , so we may consider /o- as a locally constant 
function on Gr- On every polysimplex we fix an orientation, and we identify [a] 
with — [<t], where a means a with the opposite orientation. We write the simplicial 
boundary operator as 

6a = Ylr&-iW ■ t]t with [ct : r] G {-1, 0, 1} . 

This gives a differential 

6p : Cp{G; S) — > Cp_i(G; S) , 

We endow the differential complex ((^^(G; T,),6^) with the G-action 

g-fM=m9<^], 

where fa G C^{Gga) is defined by fa{h) = faid'^^hg) and ga is endowed with the 
orientation coming from our chosen orientation on a. Clearly (5* is G-equi variant, so 
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it is well-defined on the space C^{G\ S)g of G-coinvariants. The equivariant cosheaf 
homology of S is 

CH^{T.):=Hn{C,{G;T.)G.5,). (3.17) 

There is also a relative version of this theory. Let S' be a G-stable subcomplex of 
S. We define the relative equivariant cosheaf homology of (S, S') as 

C//^(S,S') :=F„(C,(G;S)gM(G;S')g,<5*). (3.18) 

As usual there is a long exact sequence in homology: 

• • • ^ Ci/^+i(S, S') ^ Gi/^(S') ^ Ci/„G(S) ^ G/f^(S, S') ^ • ■ ■ (3.19) 

If G acts freely on S then Ci/^($],S') reduces to the usual simplicial homology 
-fr„(S/G, S'/G) with complex coefficients. 

Higson and Nistor |HiNij introduced a natural map 

CHn{T.) ^ HHn{G^{G)) , (3.20) 

whose construction we recall in as much detail as we need. Let 

nS^ := {(50,51, ■■■,9n,cr) e G"+^ X S^' : gogi ■ ■ ■ g^a = a} 

be the nth Brylinski space of TP. By definition TP is discrete, so nTP is a totally 
disconnected space and G^(„SP) is defined. According to [HiNi^ Section 4] there is 
an exact sequence 

O^Gp(G;S)G-Gr(oS^) -Cr(iS^) ^Gr(2S^) (3.21) 
Consequently GHf{T) can be computed as the homology of a double complex 

G-(oSO) ^ C~(oSi) ^ G-(oS2) ^ 

In this diagram the horizontal maps come from the boundary map d on T, while 
the vertical maps are essentially the differentials for a Hochschild complex. There 
are natural maps 

L-c ) ^ ) (-3 23) 

/ ((50, • • • ,5n) ^ ExGSO /(50, • ■ ■ ,5n,a;)) 

from the double complex (j3.22p to the standard Hochschild complex for G^{G). 
Together IKT^ . ((3:22]) and (Km yield the map (fM]) . 

Suppose now that G acts properly on some affine building. The Hochschild 
homology of G^(G) admits a decomposition 

HHn{C^{G)) = HHn{C^{G)U ® HHn{C^{G))^y^ 
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into an elliptic and an hyperbolic part. Upon periodization the hyperbolic part 
disappears and one finds [HiNU Section 7] 

HPn{C^{G)) = e^^^HHn+2m{C^{G)U . (3.24) 

This and (j3.20p yield a map 

fiHN : Ci?g(E) ^ Fn(C-(G)) . (3.25) 

Let /i : X — > S be any morphism of proper G-simplicial complexes. From the explicit 
formula ()3.23p we see that fiHN for X factors as 

CH^iX) CH^{T.) ^ HHn{Cr{G)) ^ HPn{Cr{G)) . (3.26) 

Higson and Nistor [HiNij showed that (|3.25p is an isomorphism if S is an affine 
building. The special case where G is a simple p-adic group was also proved by 
Schneider |Sch| . 



3.4 The Baum— Connes conjecture 

Let G be any locally compact group acting properly on a HausdorfF space S. A 
subspace X C S is called G-compact if X/G is compact. The equivariant K- 
homology of S is defined as 

(S) = limKKf (Co(X),C) (3.27) 

where KK^ is Kasparov's equivariant Xi^-theory |Kas| and the limit runs over 
all G-compact subspaces X of S. The Baum-Connes conjecture asserts that the 
assembly map 

//:Kf(S) ^/^,(C;(G)) (3.28) 

is an isomorphism if S is a classifying space for proper G-actions. Building upon 
the work of Kasparov, Vincent Lafforgue proved this conjecture for many groups, 
including all locally compact groups that act properly isometrically on an affine 
building [Laf| . 

Now we specialize to a reductive p-adic group G. In this case the affine Bruhat- 
Tits building /3G is a classifying space for proper G-actions. We recall that (5G is 
a finite dimensional locally finite polysimplicial complex endowed with an isometric 
G-action such that [5G/G is compact and contractible. For any X as above there 
exists a continuous G-map h : X ^ (3G, and it is unique up to homotopy. The 
assembly map ^ : K^{X) K^{G*{G) factors as 

(X) K^{(3G) ^ K.,{C;{G)) . (3.29) 

A natural receptacle for a Chern character from Kf{X) is formed by 

HL'^iX) ■.= HLf{Go{X),C) 
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where HL*^ denotes equivariant local cyclic homology, as defined and studied by 
Voigt [Voi2j . With these notions we can state and prove a more precise version of 
|BHP3t Proposition 9.4]. We note that a similar idea was already used in |BHP2| to 
prove the Baum-Connes conjecture for G = GL„(F). 

Theorem 3.7. There exists a commutative diagram 

K^{I3G) K,{C;{G)) 

[ch I ch 

HL^iPG) HP,{S{G),^c) 

i T 
CHG{(3G) HP,{n{G)) 

with the properties: 

a) Both Chern characters become isomorphisms after applying (8>zC to their domain. 

b) The other maps are natural isomorphisms. 



Proof. As mentioned before, Lafforgue jLafj showed that the assembly map /i is 
an isomorphism. The right column is taken care of by Theorems 13.21 and 13.31 

Let S be a finite dimensional, locally finite G-compact G-simplicial complex. 
It was proved in [Vol 2 1 Proposition 10.4] that the inclusion map C^(S) Co(S) 
induces an isomorphism 

FLf(S) = i/Lf(Co(S),C) ^FLf(Cr(S),C). 

Let HP^ denote Voigt's equivariant periodic cyclic homology [Voilf Section 3]. 
According to |Voi3t Section 6] there are natural isomorphisms 

i/Lf(C-(S),C) ^ i/Pf(Cr(S),C), 
c/i : i^i^f(Co(S),C)0zC ^ i?Lf(Co(S),C). 

We have to check that 

i/Pf (C,-(S),C) ^ . (3.30) 

Baum and Schneider [BaScj Section l.B] showed that cosheaf homology can be 
regarded as a special case of a bivariant (co)homology theory: 

CH^{Y.) ^ point) . (3.31) 

According to [Voil] the right hand side of ()3.3ip is naturally isomorphic to the left 
hand side of (j3.30p . so we get natural isomorphisms 

i^f (S) 0z C ^ (S) ^ CH\i^{T.) . (3.32) 

The case E = [3G gives us the left column of the theorem. To complete the proof 
we define 

^l' ■.GH{iAl3G)^HP,{n{G)) (3.33) 
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as the unique map so that the diagram commutes. □ 

It is not immediately clear that ([333]) and ([3:25]) . for C^iG) = H{G) and 
E = are the same map. We will prove this by reduction to the following 
simpler case. Let U £ CO(G) and consider the discrete proper homogeneous G-space 
G/U . By the universal property of f3G there exists a continuous G-equivariant map 
G/U — > (3G, and it is unique up to homotopy. With a suitable simplicial subdivision 
of fiG we can achieve that this is in fact a simplicial G-map. 

Lemma 3.8. The following diagram commutes for elements in the upper left corner. 
K^{G/U) ^ iff(/3G) A K,{G:.{G)) 

GHf^^{G/U) - GHf^pG) ^ HK{n{G)) 

Proof. The left hand square commutes by functoriality. It follows readily from 
the definitions that K^{G/U) = (point). By the functoriality of the Baum- 
Connes assembly map there is a commutative diagram 

i^f(point) ^ k4g;{u)) 

i i (3.34) 

KfiPG) A K,{C;{G)). 

Since U is compact and totally disconnected, both (point) and K^,{G*{U)) are 
naturally isomorphic to the ring of smooth (virtual) representations R{U), and fj-u 
corresponds to the composition of these isomorphisms. The right vertical map comes 
from the inclusion C*{U) — G*{G), so it sends a [/-module V to lndjj{V). 
Similarly there are a canonical isomorphism 

CH^{G/U) ^ Gi/f (point) 

and a commutative diagram 

Gif[^,(point) ^ HKiC^iU)) 

i i (3.35) 

Gifg(/3G) ^ HP^G^iG)). 

According to [HiNil Section 4] we have HPi{C^{U)) = and 

HPoiC^iU)) = HHoiG^iU)) = G^{U)u . 

By definition, also 

Gi?^ (point) = 

A glance at the double complex (I3.22P shows that 

^iHN : Gi^o^ (point) ^ HP^iG^iU)) 



C^{U)u if n = 
if n > . 
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corresponds to the identity map under these identifications. Furthermore U is profi- 
nite, so 

C~([/)=limC[F], 

where the hmit runs over all finite quotient groups F oiU . Similarly we can write 
C*{U) as an inductive limit in the category of C*-algebras. In this situation both 
and HP^, commute with lim, so we get a Chern character 

K,{C;{U)) ^ lunK,{C[F]) ^ l\mHP,{C[F]) ^ HP,{C^{U)) . (3.36) 

Now the right hand square of the diagram 

iCf(point) ^ K,{C;{U)) ^ K,{C;{G)) 

I I i (3.37) 

CHji^omt) ^ HP^C^iU)) ^ HP,{n{G)) 

commutes by functoriality. According to Voigt [Vol 21 Proposition 13.5] the Chern 
character 

iCf (point) ^ FL^ (point) 

can be identified with the character map R{U) C^{Uf. The isomorphism 
between ffL^ (point) and Ci?^ (point) then becomes the canonical map 

which is bijective because U is compact. Since the Chern character for C[F] in 
(I3.36P may also be identified with the character map, we find that the left hand 
square of (j3.37p commutes. Together the commutative diagrams ()3.34p . ()3.35p and 
(|3.37p complete the proof. □ 



Lemma 3.9. The maps fiHN from (I3.25P and fi' from ()3.33p are the same. 
Proof. We have to show that the diagram 

i^f (S) A K,{C;{G)) c 

i i (3.38) 

Ci/g(S) ^ HP,{n{G)) 

commutes for S = I3G. By subdividing all polysimplices we may assume that [iG 
is a simplicial complex, and that G preserves this structure. Let P^^^G denote the 
n-skeleton of PG, and (/^G)" the collection of n-simplices. Both inherit a G-action 
from (3G. We will prove the commutativity of ()3.38p for S = f3^"'\ with induction 
to n. 

The set P^^^G is a finite union of G-spaces of the form G/U with U G CO(G), so 
the case n = follows from Lemma 13.81 Similarly ()3.38p commutes for S = (/JG)". 

We consider (/3G)" x S"" as a G-space with a trivial action on S". The long exact 
sequence (IXToD for the pair ((^G)" x S", (/3G)" x point) reads 

• • • ^ CH^iiPGr) ^ GH^iiPGr X 5") ^ GH^__J{PGr) ®c ^n(5", point) 
^ CH^_,{{PGr) ^ CH^_,{{PGr X S") ^ • • • 
We note that 
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CH^iiPCr X 5") ^ CH^iipGr) Hois'") CH^_^{{(3Gr) 0c i/n(5", point), 

so (/) is surjective and the sequence splits. Since fiHN — ^' = on CHf{{f3G)^), 
there exists a unique map / making the following diagram commutative: 

GH^{[pGr) ^ C//pf?((/3G)" X 5-) ^ Ci/p«_„((/3Gr)®ci^n(5", point) 

iO ImN-tJi' if (3.39) 

HP,{n{G)) = HP,{n{G)) = HP,{n{G)). 

By the universal property of I3G, there exists a G-map /i : (/3G)" x 5" — > and it 
is unique up to homotopy. Hence we may assume that h maps {a} x 5*^ C {l3G)^ x 5'"' 
to the barycenter of a in (3G. By (13.26P and (j3.29p the middle map in (13.39P factors 
as 

CH^{{f3GY X 5") — '—-U CH^{(3G) J^^^UU HP,{n{G)) . (3.40) 

But GHp{h) kills the nth homology of S"", which in combination with (13.390 shows 
that (j3.40p is zero. Therefore the above map / must also be zero. As G-spaces we 
have 

with G acting trivially on the last factor. The corresponding long exact sequence in 
equivariant cosheaf homology is 

> GH^iP^'^-^^G) ^ C/fp^(/3(")G) ^ Ci7p^„„((/5G)") 0c i^„(5", point) 

^ GH^_^{P^''-^^G) ^ C//^_i (/?(") G) ^ • • • 

By the induction hypothesis ^hn — /i' = on C {(3^"^^^^ G) , so we can write down 
a commutative diagram 

CHG{(3(r^-i)G) ^ Gi/pG(/3(«)G) ^ GHG_^{{pGr)^cHn{S^, point) 
i i /iH^ - /i' i / 

HP,{niG)) = HP,{niG)) = HP,{n{G)). 

We already showed that / = 0, so /u^JV - ^' = on CiJ^ (/?(") G). Thus (fOHIl 
commutes for S = P^"^G, which completes our induction step. □ 

The above proof can be compared with |Meyl[ Section 5.1]. 

Corollary 3.10. It can be proved with periodic cyclic homology that the Baum- 
Connes assembly map 

1^0 id: K^i^G) 0z Q ^ i^*(G;(G)) ®z Q 

is an isomorphism for every reductive p-adic group G. 

Proof. Lemma 13.91 and (j3.25p show that /x' = fiHN is an isomorphism. Hence 
all the isomorphisms in the diagram of Theorem 13.71 admit mutually independent 
proofs. With the commutativity of the diagram we can use any five of them to prove 
the sixth. In particular we can show without using Lafforgue's work that 

K^iPG) ®zC^ K,{G;{G)) 0z c , 

which is equivalent to (i being a rational isomorphism. □ 



52 



References 



[ABP] A.-M. Aiibcrt, P.F. Baum, R.J. Flymen, "The Hecke algebra of a reductive 
p-adic group: a view from noncommutative geometry", pp. 1-34 in: Noncom- 
mutative geometry and number theory, Aspects of Mathematics E37, Vieweg 
Verlag, Wiesbaden, 2006 

[BCH] P.F. Baum, A. Connes, N. Higson, "Classifying space for proper actions and 
K-theory of group C*-algebras" , pp. 240-291 in: C* -algebras: 1943-1993, A 
fifty year celebration, Contemp. Math. 167, American Mathematical Society, 
Providence RI, 1994 

[BHPl] P.F. Baum, N. Higson, R.J. Plymcn, "Equivariant homology for SL{2) of a 
p-adic field" pp. 1-18 in: Index theory and operator algebras, Contemp. Math. 
148, American Mathematical Society, Providence RI, 1993 

[BHP2] P.F. Baum, N. Higson, R.J. Flymen, "Une demonstration de la conjecture 
de Baum-Connes pour le groupe p-adique GL(n)", C.R. Acad. Sci. Paris 325 
(1997), 171-176 

[BHP3] P.F. Baum, N. Higson, R.J. Flymen, "Representation theory of p-adic 
groups: a view from operator algebras", Proc. Sympos. Pure. Math. 68 (2000), 
111-149 

[BaNi] P.F. Baum, V. Nistor, "Periodic cyclic homology of Iwahori-Hecke algebras", 
K-Theory 27.4 (2002), 329-357 

[BaSc] P.F. Baum, P. Schneider, "Equivariant-bivariant Chern character for profi- 
nite groups", K-Theory 25.4 (2002), 313-353 

[BeDe] J.N. Bernstein, P. Deligne, "Le "centre" de Bernstein", pp. 1-32 in: 
Representations des groupes reductifs sur un corps local, Travaux en cours, 
Hermann, Paris, 1984 

[BiSc] E. Bierstone, G.E. Schwarz, "Continuous linear division and extension of 
C°°-functions" , Duke Math. J. 50 (1983), 233-271 

[BoWa] A. Borel, N.R. Wallach, Continuous cohomology, discrete subgroups, and 
representations of reductive groups, Annals of Mathematics Studies 94, Prince- 
ton University Press, Princeton NJ, 1980 



53 



[Bost] J.-B. Bost, "Principe d'Oka, K-theorie et systemes dynamiques non commu- 
tatifs", Invent. Math. 101 (1990), 261-333 

[BuKu] C.J. Bushnell, P.C. Kutzko, "Smooth representations of reductive p-adic 
groups: structure theory via types", Proc. London Math. Soc. 77.3 (1998), 
582-634 

[BLT] J. P. Brasselet, A. Legrand, N. Teleman, "Hochschild homology of singular 
algebras", K-Theory 29.1 (2003), 1-25 

[BrPl] J. Brodzki, R.J. Plymen, "Periodic cyclic homology of certain nuclear alge- 
bras", C.R. Acad. Sci. Paris 329 (1999), 671-676 

[Car] P. Cartier, "Representations of p-adic groups: a survey", pp. 111-155 in: Au- 

tomorphic forms, representations and L-functions Part 1, Proc. Sympos. Pure 
Math. 33, American Mathematical Society, Providence RI, 1979 

[Cas] W. Casselman, "Introduction to the theory of admissible representations of 
p-adic reductive groups", preprint, 1995 

[Con] A. Connes, "Noncommutativc differential geometry", Publ. Math. Inst. 
Hautes Etudes Sci. 62 (1985), 41-144 

[Cun] J.R. Cuntz, "Excision in periodic cyclic theory for topological algebras", pp. 
43-53 in: Cyclic cohomology and noncommutativc geometry, Fields Inst. Com- 
mun. 17, American Mathematical Society, Providence RI, 1997 

[CuQu] J.R. Cuntz, D. Quillen, "Excision in bivariant periodic cyclic cohomology", 
Inv. Math. 127 (1997), 67-98 

[DeOpl] P. Delorme, E.M. Opdam, "The Schwartz algebra of an affine Hecke alge- 
bra", arXiv:math.RT/0312517, 2004 (to appear in Crelle's Journal) 

[DeOp2] P. Delorme, E.M. Opdam, "Analytic R-groups of affine Hecke algebras", 
preprint, 2005 

[HCl] Harish- Chandra, "Harmonic analysis on reductive p-adic groups", pp. 167- 
192 in: Harmonic analysis on homogeneous spaces, Proc. Sympos. Pure Math. 
26, American Mathematical Society, Providence RI, 1973 

[HC2] Harish-Chandra, "The Plancherel formula for reductive p-adic groups" , pp. 
353-367 in: Collected papers Vol. IV, Springer- Verlag, New York, 1984 

[HiNi] N. Higson, V. Nistor, "Cyclic homology of totally disconnected groups acting 
on buildings", J. Funct. Anal. 141.2 (1996), 466-495 

[Hum] J.E. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies 
in Advanced Mathematics 29, Cambridge University Press, Cambridge, 1990 

[111] S. Illman, "Smooth equivariant triangulations of G-manifolds for G a finite 
group". Math. Ann. 233 (1978), 199-220 



54 



[IwMa] N. Iwahori, H. Matsumoto, "On some Bruhat decomposition and the struc- 
ture of the Hecke rings of the p-adic Chevalley groups" Inst. Hautes Etudes Sci. 
Publ. Math. 25 (1965), 5-48 

[KNS] D. Kazhdan, V. Nistor, P. Schneider, "Hochschild and cychc homology of 
finite type algebras", Sel. Math. New Ser. 4.2 (1998), 321-359 

[Kas] G.G. Kasparov, "Equivariant K-theory and the Novikov conjecture" Invent. 
Math. 91 (1998), 147-201 

[Kon] T. Konno, "A note on the Langlands classification and irreducibility of in- 
duced representations of p-adic groups", Kyushu J. Math. 57 (2003), 383-409 

[KnVo] A.W. Knapp, D.A. Vogan, Cohomological induction and unitary representa- 
tions, Princeton Mathematical Series 45, Princeton University Press, Princeton 
NJ, 1995 

[Lod] J.-L. Loday, Cyclic hom,ology 2nd ed., Mathematischen Wissenschaften 301, 
Springer- Verlag, Berlin, 1997 

[Laf] V. Lafforgue, "ET-theorie bivariante pour les algebres de Banach et conjecture 
de Baum-Connes", Invent. Math. 149.1 (2002), 1-95 

[Meyl] M. Meyer, "Chern characters for topological groups", PhD Thesis, Uni- 
verisitat Miinster, 2006 

[Mey2] R. Meyer, "Homological algebra for Schwartz algebras of reductive p-adic 
groups", pp. 263-300 in: Noncommutative geometry and number theory, As- 
pects of Mathematics E37, Vieweg Verlag, Wiesbaden, 2006 

[Mey3] R. Meyer, Local and analytic cyclic homology, EMS Tracts in Mathematics 
3, EMS Pubhshing House, Zurich, 2007 

[Nis] V. Nistor, "A non-commutative geometry approach to the representation the- 
ory of reductive p-adic groups: Homology of Hecke algebras, a survey and some 
new results", pp. 301-323 in: Noncommutative geometry and number theory. 
Aspects of Mathematics E37, Vieweg Verlag, Wiesbaden, 2006 

[Ply] R.J. Plymen, "Reduced C*-algebra for reductive p-adic groups", J. Funct. 
Anal. 88.2 (1990), 251-266 

[Phi] N.C. Phillips, "K-theory for Prechet algebras". Int. J. Math. 2.1 (1991), 77- 
129 

[Sch] P. Schneider, "The cyclic homology of p-adic reductive groups" , J. fiir reine 
angew. Math. 475 (1996), 39-54 

[ScSt] P. Schneider, U. Stuhler, "Representation theory and sheaves on the Bruhat- 
Tits building", Publ. Math. Inst. Hautes Etudes Sci. 85 (1997), 97-191 



55 



[SSZ] p. Schneider, E.-W. Zink, "iiT-types for the tempered components of a j)-adic 
general hnear group. With an appendix by Schneider and U. Stuhler", J. Reine 
Angew. Math. 517 (1999), 161-208 

[ScZi] P. Schneider, E.-W. Zink, "The algebraic theory of tempered representations 
of p-adic groups. Part I: Parabolic induction and restriction", J. Inst. Math. 
Jussieu 6 (2007), 639-688 

[Sil] A.J. Silberger, Introduction to harmonic analysis on reductive p-adic groups, 
Mathematical Notes 23, Princeton University Press, Princeton NJ, 1979 

[Soli] M.S. Solleveld, "Some Frechet algebras for which the Chern character is an 
isomorphism", i^-Thcory 36 (2005), 275-290 

[Sol2] M.S. SoUcvcId, "Periodic cyclic homology of Hccke algebras and their 
Schwartz completions", arXiv:math.KT/0605042, 2006 

[Sol3] M.S. Solleveld "Periodic cyclic homology of affine Hecke algebras", Ph.D. 
Thesis, Universiteit van Amsterdam, 2007 

[Tits] J. Tits, "Reductive groups over local fields", pp. 29-69 in: Automorphic forms, 
representations and L-functions Part 1, Proc. Sympos. Pure Math. 33, Ameri- 
can Mathematical Society, Providence RI, 1979 

[Tou] J.C. Tougeron, Ideaux de fonctions differentiables, Ergebnisse der Mathematik 
und ihrer Grenzgebiete 71, Springer- Verlag, Berlin, 1972 

[Vig] M.-F. Vigneras, "On formal dimensions for reductive p-adic groups", pp. 225- 
266 in: Festschrift in honor of I.I. Piatetski-Shapiro on the occasion of his 
sixtieth birthday, Part I, Israel Math. Conf. Proc. 2, Weizmann, Jerusalem, 
1990 

[Voil] C. Voigt, "A new description of equivariant cohomology for totally discon- 
nected groups", arXiv:math.KT/0412131, 2004 

[Voi2] C. Voigt, "Equivariant local cyclic homology and the equivariant Chern- 
Connes character", arXiv:math.KT/0608609, 2006 

[Voi3] C. Voigt, "Chern character for totally disconnected groups", 
arXiv:math.KT/0608626, 2006 

[Wal] J.-L. Waldspurgcr, "La formulc dc Planchcrel pour les groupes p-adiques 
(d'apres Harish-Chandra)" , J. Inst. Math. Jussieu 2.2 (2003), 235-333 

[Was] A.J. Wassermann, "Cyclic cohomology of algebras of smooth functions on 
orbifolds", pp. 229-244 in: Operator algebras and applications. Vol. I, London 
Math. Soc. Lecture Note Ser. 135, Cambridge University Press, Cambridge, 
1988 

[Wod] M. Wodzicki, "The long exact sequence in cyclic homology associated with 
an extension of algebras", C.R. Acad. Sci. Paris 306 (1988), 399-403 



56 



